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Light focusing is one of the most fundamental phenomena in optics empowering 
numerous applications. However, light diffraction sets an ultimate limit on the 
resolution of an optical system, which refrains the optical microscope from 
distinguishing the objects below a certain separation distance. A large number of 
approaches, e.g. metamaterial lens, and solid immersion lens, have been developed to 
break the diffraction limit. However, these super-resolution approaches necessitate the 
lens either to be in the near proximity of the object or immersed in dielectric materials, 
or work only for a narrow class of samples. As the wavelength is actually changed 
inside the dielectric materials, hence, it may not be appropriate to normalize the 
physically resolved distance by the wavelength in the free space. Indeed, the 
wavelength in the actual system should be used so as to study the diffraction limit per 
se. In contrast, we find it fundamentally interesting and important to study the light 
focusing in the far-field and in the free space. Under such circumstance, we can only 
rely on light interference and diffraction, which can be, to some extent, mediated by 
the diffraction lens. Moreover, polarization states of the input light are also playing a 
vital role in approaching or breaking the diffraction limit to its most rigorous sense. 
The primary objective of this thesis is to study the intrinsic properties of cylindrical 
 x 
 
vector (CV) beams and extend their applications in super focusing and optical 
manipulation.  
In this study, the intrinsic properties of the CV beams with different beam 
parameters are fully investigated based on vector diffraction theory. A map describing 
the focusing properties of the CV beams is provided for the first time to show a 
complete illustration of the optical pattern in the focal region. To overcome the 
computational difficulty in designing lens working with CV beams, this study also 
presents the principle to design and optimize ultrathin planar lens for subwavelength 
and deep subwavelength spot generation. Based on the vectorial 
Rayleigh-Sommerfeld (VRS) method which provides significant advantages 
(accuracy, reliability, and computational cost) over 3D FDTD, the planar 
diffraction-based lens consisting of concentric annuli is readily designed and 
efficiently optimized for the generation of longitudinally polarized light with size 
beyond the diffraction limit as well as maintaining low sidebands.  
As it is unclear how small a spot is so that it can be considered as a 
super-oscillatory spot and the conjunction between spot size and sidebands, rigorous 
classification and explicit definition to distinguish diffraction limit, super-resolution, 
and super-oscillatory focusing are established in this study. A physical design 
roadmap has been proposed to design arbitrary super-oscillatory lens by numerically 
solving an inverse problem which is described by a nonlinear matrix equation. It 
empowers the construction of a customized super-oscillatory pattern with 
 xi 
 
significantly enlarged field-of-view possible to be implemented without the traditional 
optimizing techniques. The super-oscillatory criterion proposed here gives us the 
direct insight into the spot pattern beyond the Rayleigh limit, which sets a theoretical 
limitation of 0.38λ for spot size in some applications that demand the narrow spot and 
low sidelobe simultaneously, i.e., optical lithography, high-intensity optical machining 
and high-contrast super-resolution imaging.  
Moreover, the principle of creating adjustable optical bottle-hollow (BH) beams 
with CV beams is also introduced. As a potential dark-field trapping technique, 
precise manipulation of micron-sized light-absorbing particles over long distance is 
investigated.  
To conclude, a systematic and efficient way to generate various optical patterns 
based on the intrinsic properties of CV beams is established. Rigorous classification 
and explicit definition to distinguish diffraction limit, super-resolution, and 
super-oscillatory focusing are also established. The vectorial Rayleigh-Sommefeld 
method can be readily employed to efficiently design and optimize the planar lens for 
farfield subwavelength hotspot or needle with full polarization control as well as 
maintaining low sidelobes. Furthermore, arbitrary super-oscillatory lens can be 
readily and efficiently designed with the optimization-free method. The field of view 
and deep subwavelength hotpot size are under good control. More significantly, a 
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Chapter 1  
Introduction  
Light focusing is the fundamental feature of numerous applications, ranging 
from optical microscopy, lithography, optical data storage, laser machining to optical 
trapping and manipulation. A sharply focused light beam is also essential for 
manipulating nanoscopic quantum systems in quantum information processing [1, 2]. 
When processing materials, the laser beam should have the highly concentrated power 
to heat up the sample in order to remove the undesired materials. The accuracy and 
smallest feature in material processing are heavily dependent on the full width at half 
maximum (FWHM) of the focused beam [3, 4]. Similarly, for optical microscopy, the 
smallest FWHM of the focused beam which is usually dependent on the numerical 
aperture (NA) directly determines its resolution in resolving the specimen. In addition 
to spot, the light beam could also be focused into optical null field which is 
surrounded by higher-intensity regions with the help of extra optical elements, such as 
diffractive optical elements (DOEs) and spatial light modulators (SLMs), thus being 
employed in dark field microscope [5]. This kind of optical null field is also widely 
applied in optical trapping and manipulation. A prominent example is transporting 
light-absorbing particles with focused optical vortex beams [6]. The high-intensity 
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barrier of the hollow or bottle beam may serve as a repelling ‘pipe wall’ on particles 
trapped in the dark region on the axis while the axial component of the thermal 
photophoretic force pushes particles along the channel.  
To focus the light, traditional lenses that are made of glass or transparent plastic 
with curvilinear surface, i.e., convex, concave, and meniscus, are widely employed. 
Additionally, lenses with planar surfaces, such as gradient index lens and Fresnel lens, 
and lens with conical surface, are also adopted in various applications. However, 
conventional lens usually leads to focused light with the spot size above the 
diffraction limit, as light diffraction sets a fundamental limit on optical resolution. 
According to Ernst Karl Abbe [7], the resolution of a microscope is inversely 
dependent on its aperture, which is shown by the formula λ/(2·n·NA), where n is 
refractive index of the ambient medium, and NA is the numerical aperture of the 
objective. With the aim to break the diffraction limit, metamaterial lenses, such as 
superlens and hyperlens, have also been continuously investigated [8]. However, 
working in the principle of amplifying the evanescent wave, metamaterial lenses 
suffer from high loss arising from metallic loss, and usually require high fabrication 
precision. Besides, the metamaterial lenses usually necessitate the lens either to be in 
the proximity of the object or to contact with the object, and work with limited types 
of specimen. Moreover, plasmonic lens, which works in principle of coupling 
propagating and localized surface plasmons into a single aperture, can also focus light 
to deep subwavelength scale in its near-field [4]. However, the tolerance of placement 
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of the image plane in the near-field approaches is inadequate (usually far smaller than 
half wavelength), thus making it challenging in real applications. Furthermore, 
although solid immersion lens (SIL) [9] is widely employed to break the diffraction 
limit in the farfield, it may not be appropriate to normalize the spot size by the 
wavelength in free space, since the wavelength is changed inside the dielectric 
materials. Meanwhile, the spot size of SIL is also constrained by the attainability of 
high NA and transparent medium with high refractive index.  
In contrast, it is more fundamentally interesting and important to study the light 
focusing in the farfield and in the free space. In such situation, we can only rely on 
light interference and diffraction, which can be mediated by the lens and the input 
light which is also playing an important role in approaching and/or breaking the 
diffraction limit to its most rigorous sense. In general, the vectorial property of light 
becomes critical in realizing subwavelength field distributions. As one of the most 
important properties of light, polarization plays a prominent role in determining the 
size and shape of the focus. Polarization of incident light also affects the polarization 
of optical field in the focal region, and thus the imaging structure [10] and the 
light-matter interaction [3, 11]. In addition, it should also be borne in mind that the 
focusing of unpolarized light leads to ring-shaped regions of full polarization in the 
focal plane [12, 13]. In fact, the polarizations of laser beam have attracted more and 
more attentions due to its potential in designing new devices, focusing light into a 
spot beyond the diffraction limit and extending the functionality of the existing optical 
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techniques [3, 5, 10, 11, 14]. Laser beam with special spatial polarization states and 
amplitude profiles offers more fascinating properties in focusing optics than the 
traditional unpolarized, linearly polarized and circularly polarized light, enabling 
super resolution in far field [15, 16], low-cost lithography with high accuracy [17] and 
high efficiency in harmonics generation [18]. The most favorable laser beam with 
spatial polarization and amplitude is cylindrical vector beam (CV), mainly because its 
polarization and amplitude are rotational symmetric. Cylindrical vector beam comes 
with good advantages in focusing optics, novel microscopy to detect the orientation of 
particle [19] and the film surface in semiconductor engineering [18]. In this 
introductory chapter, the following sections will introduce prior research pertinent to 
cylindrical vector beam, followed by a brief review on diffraction limit. Subsequently, 
the objective, the plan, and the structure of this thesis are discussed and highlighted. 
1.1 Vector beams 
Polarization is one of the most important properties of light. Light can have 
various polarizations, i.e., unpolarized light (i.e., the sun light), partially polarized 
light, linearly polarized light, elliptically polarized light, circularly polarized light, and 
light with spatially varying polarization, among which spatially varying polarization 
is most interesting, and has attracted extensive attention in recent years. As a class of 
beams with spatially varying polarization, CV beams are most widely studied due to 
their rotationally symmetric polarization. CV beam with Bessel-Gaussian (BG) 
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distribution, which can be experimentally generated via many existing approaches 
[20-26], is one of the vector solutions to Maxwell’s equations in the paraxial 
approximation [27, 28].  
Intuitively, the states of polarization of CV beams with different polarization 
orders and rings are depicted in Fig. 1.1, where a polarization singularity appears at 
the center of each pattern due to the ambiguous polarization state at the center. As 
illustrated in Fig. 1.1(d-f), the direction of local polarization is opposite to the 
neighboring rings. Hence, additional interference can be introduced by one single 
beam, instead of external phase elements, thus enabling new mechanism to generate 
optical patterns for specific applications. In cylindrical coordinates, the fundamental 
order CV beams are the well-known radially polarized light (RPL) which has an 
electric field polarized in the radial direction as shown in Fig. 1.1(b), and the 
azimuthally polarized light (APL) has an electric field polarized in the azimuthal 
direction. When the fundamental order CV beams are focused, the absence (APL) or 
presence (RPL) of longitudinal component can also be controlled, thus leading to 
distinct interesting applications [5, 19]. Investigation into the applications of CV 
beams in light-matter interaction [14, 29, 30], imaging [5], and microscopy for 
detecting of the nanoparticles orientation and the film surface in semiconductor 
industry [18, 19] has seen much interest in recent years. Most of these investigations 
have taken advantage of the spatially varying polarization characteristics of the CV 
beams, particularly the existence of the longitudinally polarized component in the 
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focal area.  
 
 
Figure 1.1 The instantaneous polarization status of CV beams with different 
polarization orders (denoted by n) and rings. The length of the arrows denotes the 
energy intensity. (a), (b) and (c) are CV beams with single ring. (d), (e) and (f) are CV 
beams with multiple rings, whose direction of polarization is opposite to the 
neighboring rings. Optical null exists in the gap between each two rings.    
 
With the booming development of CV beams in theory and experimental 
generation techniques, extensive attention has been attracted to study the remarkable 
properties of longitudinal components in focusing optics and thus explore new 
applications. On one hand, the interest of the longitudinal component stems from the 
phenomena that surface harmonic generation (HG) is strongly responsive to 
longitudinally polarized field. In principle, a surface HG field could be generated at 
an interface to create an image of the interface. Due to the small FWHM of the 
longitudinally polarized field, a resolution comparable to solid immersion lens 
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systems may be achieved. With a resolution better than conventional linear or 
circularly polarized beams, CV beams may find important applications, for example, 
semiconductor mask and wafer inspection [18]. On the other hand, according to 
Maxwell’s boundary conditions, the transverse and longitudinal electric fields show 
distinct characteristics at the dielectric interfaces with different refractive indices, 
which affects both the light-matter interaction and imaging systems such as solid 
immersion lens systems involving multiple media with different refractive indices [31, 
32]. Across the interface, the longitudinal electric field is discontinuous over the 
interface, and the transmitted longitudinal electric field is decreased by a factor of 
ε2/ε1 (ε1, ε2 are the dielectric constant of the media before and after the interface 
respectively), whereas the transverse component is continuous. Moreover, the 
longitudinal component in near-field imaging systems cannot be collected by the 
commonly used bare fiber tip in the imaging formation process [10]. More 
interestingly, it has also been shown that when interacting with materials the 
transversely and longitudinally polarized electric fields lead to cracks and craters with 
smooth edges, respectively [11].   
Furthermore, similar to laser beams with linear or circular polarization, the CV 
beams can be also employed to create dark fields, i.e., optical bottle beam and hollow 
beam, which have applications in dark-field optical trappings and dark-field 
microscopy [5, 33].  
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1.2 Limit of diffraction 
Light diffraction sets a fundamental limit on optical resolution, which restricts 
the ability of optical microscope to distinguish between the objects separated by 
certain distance. According to German scientist Ernst Karl Abbe [7], the resolution in 
lateral image plane of an optical microscope can be formulated by λ/(2·n·NA). 
Therefore, according to Abbe’s theory, the mechanism for optimizing spatial 
resolution is to minimize the FWHM of the diffraction-limited spots by decreasing the 
working wavelength, increasing numerical aperture, or using an imaging medium 
having a larger refractive index. Constrained by the diffraction limit, however, 
achievement of deep-subwavelength spot is challenging due to limited NA and a 
narrow class of transparent medium with high refractive index. For example, oil has a 
refractive index of about 1.5, and diamond just has a refractive index of approximate 
2.42. In addition, the use of UV and shorter wavelength light is constrained by the 
ionization and radiation damage of fluorophores.  
The topic on how to achieve optical imaging resolution beyond the diffraction 
limit attracts intensive attentions in the past decade. The resolution of a conventional 
optical lens system is always limited by diffraction to about half the wavelength of 
light [8]. In 2000, Pendry and Veselago theoretically proposed the first negative index 
superlens in their seminal paper [34]. Although implementation of Pendry-Veselago 
negative index superlens in optics faces challenges, such as heavy losses and 
unattainable fabrication accuracy, a number of super-resolution approaches were 
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proposed [35-41]. In 2005, superlens with a subwavelength resolution was 
experimentally demonstrated [35]. Realization of 1D hyperlens with a subwavelength 
resolution at ultraviolet frequencies was experimentally demonstrated in 2007 [36]. In 
2010, 2D hyperlens with a subwavelength resolution at visible frequencies was 
experimentally demonstrated [6]. However, these super-resolution approaches 
necessitate the lens either to be in the near proximity of the object or manufactured on 
it [35–41], or work only for a narrow class of samples, such as intensely luminescent 
[42, 43] or sparse objects [44]. In order to break the diffraction limit and obtain 
subwavelength focusing properties in the farfield, Rogers et al. proposed 
super-oscillatory lens based on ultrathin planar lens [45, 46]. Theoretically, the central 
hotspot size realized by super-oscillatory lens can be infinitely small. Unfortunately, 
the price to realize infinitely small hotspot is prominent sidelobes, small depth of 
focus, and small energy enhancement. More recently, flat lens based on layered 
metal/dielectric films was experimentally realized by Lezec [47]. The size of the 
smallest hotspot is lowered down to 0.5λ, which is focused in the region just beyond 
near-field. However, apart from the complicated fabrication process in that work, it 
should also be mentioned that such lens calls for pumping.  
In far-field focusing, however, it should also be kept in mind that the resolution 
of asymmetric beam varies if the system is rotated, and thus makes CV beams which 
have rotational symmetry highly desired in various applications. It is well known that 
strong longitudinal electric field is created near the focal plane of highly focused 
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beam. For linearly polarized light, the energy density distribution of the longitudinal 
component at the focal plane consists of two lobes and is not rotationally symmetric 
along optical axis as shown in the Figs. 1.2(a) and (b), which primarily causes an 
asymmetric deformation of the focal spot [48]. For a circularly polarized beam the 
longitudinal component is donut-shaped ring while the transverse component is a 
hotpot [49], as shown in Figs. 1.2(d) and (e). Although both linearly and circularly 
polarized lights have been widely applied in microscopy and material processing due 
to the easy accomplishment of light beam with these polarizations, however, light 
beam with cylindrical symmetry enables a variety of distinguished functionalities that 
asymmetric nature of usual light beams cannot afford [3, 5, 11, 14, 15, 17].  
As illustrated in Fig. 1.2, both circularly polarized light and CV beam show good 
symmetry. However, their corresponding field components are contrary to each other, 
as depicted in the Figs. 1.2(g) and (h). Although circularly polarized light and CV 
beam are focused by a clear aperture with the same NA, the spot size of Fig. 1.2(h) is 
smaller than that of Fig. 1.2(d), and the spot size of total field in case of CV beam is 
also smaller than that of circularly polarized light. Generally, CV beam can lead to 
smaller spot when NA>0.8, whereas circularly polarized light when NA<0.8 [49]. In 
addition to the polarization of the incident light and NA of the lens, the geometry of 
the focusing lens also affects the limit of the spot size in the focal plane. When 
focusing with clear apertures, the transverse component at the center is strong since 
the incident beam near the optical axis is slightly tilted, and thus makes the center spot 
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larger. With center-blocked lens, however, the transverse component can be 
substantially weakened, and thereby a smaller spot which is extremely favorable in 
imaging and light-matter actions can be obtained. Properly optimized ultrathin planar 
lens with dozens of concentric rings has been demonstrated to have a 
deep-subwavelength resolution [45]. With an optimized lens, longitudinally polarized 
beam with FWHM beyond the diffraction may be achieved by focusing CV beams, 
allowing for far-field imaging without evanescent waves.  
 
 
Figure 1.2 The field intensity distributions at the focal plane when focusing linear 
(a-c), circularly (d-f), and radially (g-i) polarized light with objective lens. Et, Ez and 
E represent the transverse, longitudinal and total field, respectively. (a), (d) and (g) are 
the intensity distributions of the transverse component. (b), (e) and (h) are the 
intensity distributions of longitudinal component. (c), (f) and (i) are the intensity 
distributions of the total field.  
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1.3 Objectives and significance 
Based on the literature review presented in the previous sections, it can be 
concluded that far-field super-focusing beyond the diffraction limit and without 
prominent sidelobes is highly desirable in various applications. Although good field 
confinement can be achieved with plasmonic nanostructures [4], the evanescent 
near-field decays exponentially. Theoretically, the central hotspot size realized by the 
super-oscillatory lens can be infinitely small, but the hotspot has prominent side lobes, 
short focal depth, and small energy enhancement. It remains challenging to create 
subwavelength hotspot in the farfield with high energy enhancement as well as long 
focal depth which is highly desired in real applications. Ultra-thin planar lens [45, 46] 
is a good candidate to obtain subwavelength spot. However, complicated and 
time-consuming optimization is required because a large number of variables are 
involved. Moreover, the field pattern near the focus is usually a trade-off between 
many parameters, such as field of view, side lobes, focal depth, and FWHM. 
Furthermore, the polarizations of the field near the focus, which are often not fully 
controlled, are also of great importance [11, 20, 30-32]. Thus, one of the primary 
objectives of the present study is therefore to propose a systematic and efficient 
approach to design and optimize planar lens working with CV beams. In order to 
overcome the diffraction limit in the farfield and in free space, the vectorial 
diffraction theory which offers the advantage of significant reduction in computation 
and has full control of the polarizations of both the incident light and the field near the 
1. INTRODUCTION  
13 
 
focus, is developed and employed in the numerical simulation. As the practical 
application of deep-subwavelength super-oscillatory spot is limited by the prominent 
side lobes [45, 46], another objective of this thesis is to investigate new paradigm of 
efficiently designing arbitrary super-oscillatory lens with enlarged field of view and 
the high side lobe being pushed far away from the center. Both amplitude and phase 
type binary lenses are explored in this work.  
Another aim of this thesis is to fully investigate the intrinsic properties of CV 
beams in focusing optics. Although extensive attention has been attracted to study CV 
beams, previous studies mainly focused low-order single-ring-shaped CV beams and 
employed them in various applications. However, the intrinsic properties of 
higher-order and multi-ring-shaped CV beams have not been fully studied.  
CV beams provide higher trapping efficiency in optical manipulation due to their 
fantastic properties in focusing optics [29]. However, it should be addressed that 
optical damage due to heating of captured specimen is usually induced by high optical 
intensity [50]. Fortunately, the optical damage caused by the heat in the optical 
manipulation can be minimized by the optical dark-field. Hence, one of the aims of 
recent study is to apply CV beams into creating null-field patterns for optical 
manipulation of light-absorbing particles.   
These studies may have significant impact on understanding the intrinsic 
properties of CV beams, and expanding its applications. Our detailed study on the 
focusing performance of CV beams yields a useful roadmap for controlling the beam 
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parameters to customize the focal behavior. Moreover, empowered by the robustness 
of vectorial diffraction integrals in dealing with polarization states, the proposed 
roadmap may be universally and efficiently integrated with other optimization 
algorithms to design super-resolution imaging with controlled polarization states at 
any wavelength without luminescence of the object. It opens an avenue towards a 
highly integrated imaging system with advanced functionalities in far-field 
super-imaging, tailored polarization states and flat ultra-thin geometry simultaneously. 
Furthermore, with the rigorous classification and explicit definition of 
super-resolution and super-oscillatory focusing, arbitrary super-oscillatory lens can be 
readily and efficiently designed with the proposed optimization-free method. In 
addition, the scheme for generating an adjustable BH beam with CV beam and binary 
lens may find attractive applications in manipulating micron-sized particles over large 
distances with minimized optical damage.  
As a vector solution to Helmholtz equation in the paraxial approximation, CV 
beams with BG distribution which can be experimentally generated and propagate in 
free space are fully discussed in the study. The lens is designed and optimized based 
on the assumption that the CV beams are incident normally. Even though the physical 
size parameters of the designed lens can be extremely fine in principle (The finer the 
feature, the better the performance.), it may be challenging for current nanofabrication 
techniques to realize it stably and accurately. Therefore, the actual capability of 
electrical beam lithography is taken into account, such that the designs that we 
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developed are accessible and feasible in experiments. Moreover, employing CV 
beams in dark-field optical manipulation of micron-sized particles are investigated in 
this study. However, due to the time and lab facilities and time constraint, the lenses 
designed and optimized in the thesis have not been experimentally fabricated. The 
effect of purely longitudinally polarized light on imaging is not covered in this thesis 
too.  
1.4 Thesis Work 
Generally, the structure of the thesis is given as follows.  
In Chapter 2, the mathematics and fundamental properties of CV beams are 
introduced. Firstly, the explicit forms of the CV beams with BG distribution are 
derived from the vector Helmholtz equation in the paraxial approximation. With the 
explicit solution, the salient features of the amplitude and polarization of CV beams 
are discussed in detail. Moreover, the phase and the propagating properties of CV 
beams within the Rayleigh range are studied too. Furthermore, methods to generate 
CV beams are briefly introduced. Based on the radial polarization converter, a simple 
scheme to yield BG beams is proposed. The experimental setups as well as some 
preliminary results are shown. 
In Chapter 3, the intrinsic properties of CV beams in focusing optics are studied. 
Firstly, the numerical calculation methods based on the vector diffraction theory are 
introduced for focusing CV beams. The intrinsic properties of the CV beams with 
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different orders and parameters are fully investigated using numerical simulations. It 
is theoretically shown how several optical patterns (e.g., hollow beam, bottle beam or 
hotspot) can be created only by directly focusing the CV beams of Bessel-Gaussian 
distribution through tuning their beam parameters (viz., polarization order n, the 
transverse wave number β and the beam waist w0).  
Chapter 4 presents a general design principle for ultrathin planar lens to generate 
various optical focal patterns under the illumination of CV beams. Firstly, the 
vectorial Rayleigh Sommerfeld (VRS) method which yields exact descriptions of the 
light fields for both near-field and far-field diffraction is developed to analyze 
diffraction problems by apertures. The validity of VRS method to calculate the 
diffraction problems by aperture is demonstrated as the prediction made by VRS 
method matched well with that from commercial software Lumerical FDTD. An 
approach to readily design and optimize a planar diffraction-based lens consisting of 
concentric annuli by use of first-kind VRS integrals is then proposed. Moreover, with 
VRS method, the proposal of designing lens for generation of polarized hotspot and 
longitudinally polarized needle with size beyond diffraction limit is introduced. The 
differentiation between super-resolution and super-oscillation is explicitly formulated 
in this chapter. Based on the focusing properties of planar lens as well as the scalar 
Rayleigh-Sommerfeld method, a physical design roadmap is proposed to design 
arbitrary super-oscillatory lens by numerically solving an inverse problem.  
In Chapter 5, the principle of creating optical bottle-hollow (BH) beams with 
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radial and azimuthal polarizations by focusing CV beams with DOEs is introduced. As 
a potential dark-field trapping technique, the application of precisely manipulating 
micron-sized light-absorbing particles over long distance is investigated.  



























Chapter 2  
Cylindrical Vector Beam  
2.1 Introduction  
Cylindrical vector (CV) beams are a class of beams which have spatially varying 
polarization with rotational symmetry. They differ from conventional laser beams with 
linear, elliptical and circular polarizations by their inhomogeneous states of 
polarizations and intensity distributions which also depend on the spatial location in the 
beam cross-section. A large number of applications have been developed with CV 
beams. For example, CV beams have been employed in optical trapping [14, 29], 
particles acceleration [51], material processing [30], higher-order harmonic generation 
[52], surface Plasmon excitation and focusing [53, 54], and creating nanoscopic light 
source by coupling CV beams into metal coated fiber tips [55]. Moreover, potential 
applications have also been proposed for nonlinear tip enhanced Raman spectroscopy 
[56] and solid immersion systems [57].  
In 1972, Pohl [20] reported for the first time that CV beams could be 
experimentally generated by a ruby laser with a mode selector. Different from the CV 
beam in Pohl’s work where a free-space mode beam is generated, Marhic et al. [21] in 
1981 proposed that it is possible to produce waveguide-mode CV beams with CO2 laser 
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in a hybrid oscillator which was formed with a circular metallic waveguide and 
focusing lens to realize high power operation. In addition to the pioneering 
experimental work by Pohl and Marhic, the striking advance in theory was done by Hall 
et al. [27, 28] who demonstrated that the spatial characteristics of the free-space mode 
CV beams can be described by the unique solutions of Helmholtz’s equation in the 
paraxial approximation.  
Generally speaking, the aforementioned techniques [20, 21] are direct 
approaches in which the resonator of a laser is fine tuned such that desired CV beam 
can be produced. They are suited for generating CV beams with fundamental 
polarization order, namely radially polarized and azimuthally polarized beams, and 
However, direct approaches fail in producing CV beams with multi-modes or 
switching between different modes, because it is not always practical to insert the 
specially designed optical elements inside the resonator of the laser systems, which 
are often packaged as “black boxes” for the users. In contrast, indirect approaches 
which use schemes that perform the polarization conversion outside the laser housing 
with interferometric methods and optical elements are capable of generating CV 
beams with various desired modes. Stalder and Schadt [22] proposed a flexible 
scheme to generate the desired beams with liquid-crystal polarization converters in 
1996. Years later, Wilson et al. [23] demonstrated another novel method with 
ferroelectric liquid-crystal spatial light modulator (SLM) and Wolllaston prism to 
produce arbitrary CV beams. In spite of the high quality CV beams, however, the 
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SLM adopted in Wilson’s proposal suffers from poor diffraction efficiency due to the 
fact that such kind of SLM can display only binary diffractive structures. In order to 
increase the diffraction efficiency, Maurer et al. [24] proposes to use nematic 
liquid-crystal SLM, with a theoretically achievable efficiency of 100%, to generate 
arbitrary CV beams. Additional approaches such as methods using specially designed 
space-variant subwavelength gratings [25] and common path interferometric method 
[26] have also been proposed to yield CV beams of different polarization orders.  
In this chapter, the explicit expression of the CV beams with BG distribution will 
be derived from the vector Helmholtz equation in the paraxial approximation. With 
this explicit solution, the salient features (amplitude and polarization) of CV beams 
will be discussed. Moreover, the phase and propagation properties of CV beams 
within the Rayleigh range will be studied as well. Furthermore, methods to generate 
CV beams will be briefly introduced. Based on the radial polarization converter, a 
simple scheme to yield BG beams will be proposed. The experimental setups as well 
as some preliminary results will be shown at the end of this chapter.  
2.2 Amplitude and polarization properties of CV beams 
In cylindrical coordinate, let us assume that a vector beam is propagating along 
z-axis, hence the electric field takes the form 
         ( , , , ) ( , , ) exp[ ( )]E r z t F r z i kz tϕ ϕ ω= ⋅ − ,                    (2.1) 
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where /k cω=  is the wavenumber, ω is the angular frequency, c is the speed of light 
in vacuum, and exp( )i tω− is a time dependence factor. The electric field of the vector 
beam propagating in free space can be derived by solving the vector Helmholtz 
equation  
                   2 0E k E∇×∇× − = .                          (2.2) 
Furthermore, we assume that the amplitude of the vector beam ( , , )F r zϕ  is purely 
transverse, namely having only radial and azimuthal components (namely 
( , , ) rrF r z F e F eϕϕϕ = +  where re and eϕ  are the unit vectors in cylindrical 
coordinate).  
    After substituting Eq. (2.1) into Eq. (2.2) and applying the paraxial 
approximation (Usually, the paraxial approximation refers to the small-angle 
approximation. Here, it is made with the assumption that F varies little with z, thus 
2 2 / 0F z∂ ∂ ≈ .) and slowly varying envelope approximation (  /F z kF∂ ∂ ), two 
coupled partial differential equations about Fr and Fφ can be obtained [58]. 
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,       (2.3b) 
    Usually, the vector beams with spatially inhomogeneous polarization can be 
written as 0 0( , , ) ( , ) [cos( ) sin( ) ]x yE r z A r z n e n eϕ ϕ ϕ ϕ ϕ= ⋅ + + + . As it is more 
convenient to study the CV beams with cylindrical coordinate because of the 
rotational symmetry of the CV beams, thus we transform the unit vectors in Cartesian 
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coordinate system to its counterpart in cylindrical coordinate. Hence, the CV beams 
take the form  
      0 0( , , ) ( , ) {cos[( 1) ] sin[( 1) ] }rF r z A r z n e n eϕϕ ϕ ϕ ϕ ϕ= ⋅ − + + − + .    (2.4) 
From Eq. (2.4), it is easy to find that 0( , ) cos[( 1) ]rF A r z n ϕ ϕ= ⋅ − +  and 
0( , ) sin[( 1) ]F A r z nϕ ϕ ϕ= ⋅ − + . After inserting them into Eq. (2.3a) and Eq. (2.3b), 
one can find that they all lead to the same linear homogeneous partial differential 
equation 
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.                   (2.5) 
Mathematically, the explicit solution of Eq. (2.5) has the following form 
    
2 2 2
0
0 0 0 0
/1 /(2 )( , ) exp( ) exp[ ] ( )
1 / 1 / 1 / 1 /n
r i z k rA r z J
iz z iz z iz z iz z
ω β β
= − ⋅ − ⋅
+ + + +
,   (2.6) 
where Jn is the nth order Bessel function of the first kind, β is a constant which 
determines the beam features, and 20 0 / 2z kw=  is the Rayleigh range of a Gaussian 
beam with waist radius 0w . A direct substitution confirms that Eq. (2.6) is a solution to 
Eq. (2.5). Consequently, the solutions to the vector Helmholtz equation in both the 
paraxial approximation and slowly varying envelop approximation take a general 
form [58] that can be written as 
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.    (2.7) 
 





Figure 2.1 The instantaneous polarization status and intensity distributions of light 
with radial (a) and azimuthal (b) polarizations in the waist plane. The parameters of 
the beam are set as n=1, φ0=0 for radial light, φ0=π/2 for azimuthal light, w0=2 mm 
and β=1 mm-1. Unit: mm.  
 
Evidently, this solution consists of the products of an nth order Bessel function of 
the first kind and a Gaussian factor. Therefore, the beam given by Eq. (2.7) is denoted 
as Bessel-Gaussian (BG) beam. Here, n is the polarization order and can be either 
positive or negative integer, which intuitively denotes the rotation direction of 
polarization. More specifically, it is the radially polarized light if n=1, φ0=0. In 
contrast, it is azimuthally polarized light if n=1, φ0=π/2. The instantaneous 
polarization status and intensity distributions of BG beam with radial and azimuthal 
polarizations are illustrated in Fig. 2.1, where the beam parameters of the light are set 
as w0=2 mm and β=1 mm-1. A null field exists in the center of the intensity 
distributions in Figs. 2.1(a) and (b), which can be interpreted mathematically by the 
existence of the first order Bessel function of the first kind in the Eq. (2.7). If we 
investigate one single point in the cross-section, it can be found that at each point the 
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polarization is linear except that the polarization in the center of BG beams is 
ambiguous. Hence, a polarization singularity appears in the center, which explains 
physically why it is optical null in the center. We will further discuss how this 
polarization singularity will change when we study the propagating properties of CV 
beams in next section.  
For comparison, the instantaneous polarization status and intensity distributions 
of the CV beams with different polarization orders n=-2, -1, 2, 3 are also depicted in 
Fig. 2.2, where the beam parameters are set as w0=2.5 mm and β=0.3 mm-1. As 
illustrated in Fig. 2.2, the polarizations of the CV beams are spatially varying and the 
number of the rounds that the polarization direction changes 2π is dependent on n. 
Moreover, the intensity distributions in all figures are angle independent with 
rotational symmetry. Similar polarization singularity and optical null in the center can 
also be observed in Fig. 2.2. However, it should be noticed that the size of the optical 
null in cases of different polarization orders n is different although the beam 
parameters w0 and β are same. The size of the optical null becomes larger when the 
absolute value of polarization order |n| is larger. It can be observed that the size of the 
optical null in case of n=-2 is the same as that of n=2. In addition, positive or negative 
polarization order n determines the rotation direction of polarization, and focusing CV 
beams with n≠1 results in discrete multiple spots in the focal plane [58]. It should be 
pointed out that for simplicity the beam parameters we choose here only lead to 
single-ring-shaped CV beams. However, it should be borne in mind that 
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multi-ring-shaped CV beams can also be created by tuning the beam parameters w0 
and β. Indeed, the beam parameters are critical in the lens design and greatly influence 
the performance of the resulting lens. The characteristics of multi-ring-shaped CV 
beams and their intrinsic properties in focusing optics will be fully discussed in 
Chapter 3.  
 
 
Figure 2.2 The instantaneous polarization status and intensity distributions of the CV 
beams with n=-2, -1, 2, 3 and φ0=0 in the waist plane. The beam parameters are set at 
w0=2.5 mm and β=0.3 mm-1. (a) n=-2, (b) n=-1, (c) n=2, (d) n=3. Unit: mm.  
 
2.3 Phase and propagating properties of CV beams 
In this section, the phase and propagating properties of CV beams during 
propagation will be analyzed. Similar to the assumptions made in the previous 
sections, the BG beam is assumed to propagate along the z-axis with transverse 
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amplitude variation dependent on the radial and axial coordinates r and z. For 
simplicity, we can only discuss the phase and propagation properties of CV beams 
with polarization order n=-1, and thus the phase properties of CV beams during 
propagation can be fully understood as they are just relevant to the complex variable 
A(r, z)·exp(ikz). Hence, in this study, only the phase characteristics of A(r, z)·exp(ikz) 
would be investigated and consequently the phase properties can be eventually 
obtained. As shown in Eq. (2.7), the CV beams are characterized by beam parameters 
w0 and β, whose values also determine the propagating features of the beam. Here, 




Figure 2.3 The intensity distributions of the CV beam with polarization order n=-1 at 
different propagating distances. z0 is the Rayleigh range, and z=0 denotes the waist 
plane. Unit: mm.  
 
 





Figure 2.4 The phase of the CV beam with polarization order n=-1 at different 
propagating distances. z0 and z=0 have the same meaning as that in Fig. 2.3. The 
range of the colorbar (from -1 to 1) denotes the phase change from –π to π. Unit: mm.  
 
In this thesis, we focus on investigating the propagation properties of CV beam 
within Rayleigh range, where the Gaussian beam model is valid under the scope of 
paraxial approximation. According to the definition of Rayleigh length, the Gaussian 
beam is considered to be non-diffractive within the Rayleigh range, although the 
beam width in the plane of Rayleigh range slightly increases to 02ω . Mathematically, 
the beam-like solution (Eq. (2.7)) contains a Gaussian factor, and thus CV beams 
should reserve theoretically the same property. Indeed, as shown in Fig. 2.3, similar 
phenomenon can be observed in case of CV beams. The beam width of the BG beam 
increases slowly along z axis within Rayleigh range due to insignificant diffraction. 
However, the rotational symmetry of CV beams is well maintained during 
propagation.  
2. CYLINDRICAL VECTOR BEAM  
29 
 
When we study the properties of the phase of BG beam during propagation, it 
can be observed that the phase keeps constant at the waist plane. Although a small 
phase change occurs at the boundary of the waist plane, as illustrated in Fig. 2.4, these 
regions are far away from the beam center where almost all of the energy is 
distributed. This indicates that the BG beam can be viewed as plane wave near the 
waist plane. However, evident phase difference ranging from –π to π appears in the 
transverse plane when the BG beam propagates far away from the waist plane. 
Theoretically, this can be interpreted with Gouy phase shift which is defined as 
arctan(z/z0) (where z0 is the Rayleigh length and z is the propagation distance away 
from the waist plane), because mathematically the Bessel function is indeed a 
superposition of a series of Gaussian functions. As shown in Fig.2.4, the phase 
difference becomes more and more prominent when moving away from the center to 
the outer boundary, especially beyond the Rayleigh range. This implies that the BG 
beam is strictly no longer a perfect plane wave after propagating certain distance. 
However, the CV beams can be approximately considered as plane wave within the 
Rayleigh range where the Gouy phase shift is not evident. Moreover, it should be 
addressed that almost all the energy is distributed in the region where the phase 
difference is not prominent. Therefore, it is rational and reliable to make the 
assumption that CV beams are a kind of plane wave in analysis within the Rayleigh 
range. This assumption is important as it simplifies the application of CV beams and 
makes the relevant applications more efficient.  
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2.4 Generation of CV beams 
Stimulated by the fantastic properties of CV beams, numerous techniques have 
been developed to generate CV beams. Generally, they can be categorized into direct 
and indirect approaches based on their working mechanism. Direct method [20, 21] 
relies on the laser resonator which can be fine tuned such that desired CV beam can 
be produced. The desired CV beams can be directly obtained from the output of the 
laser. However, direct approach usually leads to CV beams with fundamental 
polarization order. It fails to yield CV beams with multi-modes or switch between 
different modes, because it is not always practical to insert the specially designed 
optical elements inside the resonator of the laser systems. On the contrary, indirect 
approach employs strategies to perform the polarization conversion outside the laser 
housing such that CV beams with various desired modes can be produced. Usually, 
liquid-crystal SLM, such as ferroelectric and nematic SLM, is widely used to generate 
arbitrary CV beams [22-24]. Additional methods, such as specially designed 
space-variant subwavelength gratings [25] and common path interferometric method 
[26], are also applied to yield CV beams with different polarization orders.  
However, it should be noted that direct approach is capable of producing either 
free-space mode or waveguide mode CV beams [20, 21]. Confined in the metallic 
waveguide, waveguide mode CV beams may benefit high power applications [21]. 
However, the free-space mode CV beam has been demonstrated to be the vector 
solution of the Helmholtz equation in free space and thus is more attractive [27, 28]. 
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In this thesis, we will concentrate on studying the generation methods of free-space 
mode CV beams. To better show the generation mechanism, Pohl’s [20] and Wang’s 
method [26] are briefly reviewed before presenting the approach in our work. Figure 
2.5 illustrates the scheme of Pohl’s work where the fundamental and high-order 
modes are differentiated by the circular aperture and the center stop. The selected 
fundamental modes are made as divergent as possible by the calcite crystal and the 
two lenses which are arranged as in a Galilean telescope. Consequently, the ordinary 
light (azimuthally polarized) and extraordinary light (radially polarized) are 
differentiated. Once again, it can be seen that direct approach is only capable of 
producing single-mode CV beams. The tunability and flexibility of direct method are 
limited by the volume of the laser housing and commercial laser systems which are 
usually packaged like ‘black box’.  
 
 
Figure 2.5 Scheme of laser to generate fundamental mode CV beam proposed by 










Figure 2.6 Wang’s setup to generate arbitrary vector beams [26]. R-D denotes a 
rotating diffuser. P1 is linear polarizer. L1 and L2 are two identical lenses with same 
focal length. F is a spatial filter. G denotes a Ronchi phase grating.  
 
As mentioned before, the vector beams with spatially inhomogeneous 
polarization can be written as 0 0( , , ) ( , ) [cos( ) sin( ) ]x yE r z A r z n e n eϕ ϕ ϕ ϕ ϕ= ⋅ + + + . 
According to Euler's formula, it is known 
          1cos( ) ( ), sin( ) ( )
2 2
in in in inin e e n e eϕ ϕ ϕ ϕϕ ϕ− −−= + = − .        (2.8) 
After inserting Eq. (2.8) into the general form of vector beams, it can be decomposed 
into two terms and rewritten as  
         0 0( ) ( )( , )( , , ) [ ( ) ( )]
2
i n i n
x y x y
A r zE r z e e ie e e ieϕ ϕ ϕ ϕϕ + − += − + + .          (2.9) 
Evidently, the terms x ye ie− and x ye ie+ are right-handed and left-handed 
circularly polarized components, respectively. Mathematically, CV beams can be 
achieved by the superposition of right-handed and left-handed circularly polarized 
light with phase vortex. With this guideline, Maurer [24] and Wang [26] successfully 
generated vector beams with arbitrary polarization orders. In order to illustrate how 
vector beams with different polarization orders can be produced using interferometric 
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method, Wang’s proposal is briefly reviewed. Figure 2.6 shows the experimental setup 
of Wang’s work. Laser beam (λ=532 nm) with linear polarization is firstly collimated, 
and then modulated by the rotating diffuser and polarizer to eliminate the speckle. The 
resulting beam is diffracted into different orders by the hologram generated by 
computer, and the ±first-orders are achieved after the light passes through the spatial 
filter F. The ±first-orders diffracted beams are then converted to right-handed and 
left-handed circularly polarized beams by the quarter wave-plate. The resulting 
right-handed and left-handed circularly polarized beams are combined together by 
Ronchi phase grating and finally lead to the desired vector beams. It is reliable to 
conclude from [26] that indirect approaches which flexibly perform the polarization 
conversion outside the laser housing are capable of generating CV beams with various 
modes. However, the indirect approaches involve relatively complex optics which 
may make the light path intricate and also suffer from low efficiency.  
Distinct from the direct methods and the indirect methods introduced above, a 
rather simple scheme to yield CV beams is introduced in this study. The experimental 
setup is depicted in Fig. 2.7, where the most important diffractive element is the radial 
polarization converter (RPC). The special optical property of RPC arises from the 
femtosecond laser-induced form birefringence [59]. Different from traditional 
birefringence due to the anisotropy of oriented molecules, the birefringence of RPC 
results from the alignment of nano-sized nodlets and platelets [60]. We will not put 
too much emphasis on the laser-induced form birefringence since it is not topic of this 
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thesis. Generally, the RPC can be modeled using the following Jones matrix, 







=  − 
.                     (2.10) 
When the linearly polarized light passes through the RPC, the transmitted light 
becomes radially polarized light. The Jones matrix is given in Eq. (2.11).  
                      
cos sin 0 sin
sin cos 1 cos
ϕ ϕ ϕ
ϕ ϕ ϕ
     
=     − −     
.               (2.11) 
Similarly, light with azimuthal polarization can be also achieved by either rotating the 
polarization of the incidence with respect to the RPC or rotating the RPC by π/2. In 
addition, if the incidence is left-handed circularly polarized, the Jones matrix becomes 
              
cos sin 1 cos sin 1
sin cos sin cos
ii e
i i i
ϕϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ
+       
= =       − − −       
.          (2.12) 




Figure 2.7 The schematics of the setup to generate CV beams with radial polarization 
converter. L1 and L2 are two lenses. P1 and P2 are linear polarizers. RPC denotes the 
radial polarization converter.  
 
The experimental setup is shown in Fig. 2.7. Laser beam (λ=632.8 nm) with 
linear polarization is firstly expanded and collimated. The resulting light is then 
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converted to CV beams with radial or azimuthal polarization by the RPC. The far field 
radiation pattern of the CV beams is detected with the charged-current detector (CCD). 
Figure 2.8(a) illustrates the characteristic patterns of the CV beams in absence of the 
linear polarizer P2. It clearly shows a multi-ring-shaped beam with good rotational 
symmetry. However, it can be found that the pattern is not perfectly uniform. This can 
be attributed to the fact that the linearly polarized light beam from the laser source in 
our experiment is not uniform. Moreover, with the aim to analyze the polarization 
status of the modulated light passing through the RPC, a linear polarizer P2 is 
employed in the experiment. When the polarizer P2 is rotated consecutively by π/4, 
the radiation patterns are also detected, as shown in Figs. 2.8(b)-(e), which allow us to 
identify that the light depicted in Fig. 2.8(a) is radially polarized.  
 
 
Figure 2.8 (a) The light field distribution experimentally detected by CCD. (b)-(e) the 
field patterns when the light field is analyzed by linear polarizer, which is rotated 











Figure 2.9 (a) The intensity pattern detected by CCD and (b) the intensity distribution 
along the radial direction.  
 
    When the beam width of the output is tuned, it can be found that beams with 
different rings can also be created with the same setup. As shown in Fig. 2.9(a), 
double-ring-shaped light beam is plotted. The intensity distribution along the radial 
direction is also sampled and depicted in Fig. 2.9(b) (red curve). Additionally, the 
distribution of the superposition of a series of Gaussian functions is plotted as 
comparison (black curve). It can be noticed that the experimental data matches well 
with the Gaussian function. This helps to confirm that a BG beam can be viewed as a 
superposition of Gaussian beams. From Eq. (2.7), it can be known that the beam 
parameters w0 and β determine the features of CV beams. Both multi-ring-shaped and 
single-ring-shaped CV beams can be produced by tuning w0 and β. After comparing 
the radiation patterns between Figs. 2.8(a) and (b), it can be found that CV beams 
with different rings can be generated with the scheme proposed in this study. 
Multi-ring-shaped beams are realized by controlling the beam width of the incident 
laser beam. We will investigate how the parameters w0 and β influence the spatial 
amplitude of CV beams and their intrinsic properties in focusing optics in next 




2.5 Summary  
In this chapter, the explicit expression of vector BG beams with cylindrical 
symmetry is derived from vector Helmholtz equation in the paraxial approximation. 
The amplitude properties as well as the phase properties of CV beams during 
propagation are investigated. Furthermore, after a short review of the current methods 
of generating CV beams, a rather simple and efficient approach is proposed to yield 
CV beams. It is found that CV beams with different rings can be produced with this 
setup. We also find that the intensity distribution of the experimentally detected 
far-field radiation pattern of the CV beam matches well with Gaussian functions. The 
results indicate that the obtained CV beam is BG beam. Finally, we theoretically show 





















Chapter 3  
Intrinsic properties of CV beams in focusing optics 
3.1 Introduction 
Tightly focused light beams are widely used in numerous applications, such as 
lithography, optical data storage, confocal microscopy and optical trapping. Under 
tightly focusing circumstances, the polarization of the beam plays an important role in 
determining both the size and shape of the spot near the focal plane. For instance, a 
sharply focused beam under radial-polarization illumination results in a 
subwavelength hotspot with rotational symmetry, whereas linearly polarized light 
leads to an elliptical spot [33]. Moreover, the spatial intensity distribution of the input 
at the entrance pupil of the focusing lens also notably affects the field in the focal 
region.  
In addition to directly focus the laser beam, various optical elements are also 
employed in beam manipulation to produce multifarious optical patterns for particular 
applications. In principle, with the optical elements, appropriate phase or amplitude 
modulations are introduced to achieve the desired interference patterns. One of the 
prominent examples is the SLMs which are widely employed to generate optical 
hotspot or null fields (i.e., hollow beam, bottle beam, and optical chain) [33, 61]. 
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However, constrained by the micron-sized pixel and optical efficiency of the SLMs, 
optical null field or hotspot with the size at the subwavelength scale is unattainable by 
using SLMs [62, 63]. Moreover, DOEs, such as binary phase or amplitude mask, have 
also been extensively investigated to produce optical null fields and hotspot [15, 64]. 
However, light focusing with DOEs involves intricate design and precise fabrication 
of extra structures, where incur high costs in terms of time and resource. Therefore, 
beam manipulation via directly focusing the laser beam without additional optical 
elements will be of great interest in various applications.  
In this chapter, we will show that CV beams have the intrinsic capacity of 
forming a special intensity pattern in the focal region without extra optical elements. 
Based on vector diffraction theory, we will demonstrate that several optical patterns 
(e.g., hollow beam, bottle beam or hotspot) can be created only by directly focusing 
the CV beams of Bessel-Gaussian distribution through tuning the beam parameters 
(viz., polarization order n, the transverse wave number β and the beam waist w0). Our 
detailed study on the intrinsic properties of CV beams in focusing optics yields a 
useful guideline for adjusting the beam parameters for various optical patterns 
generation.  
3.2 Bessel-Gaussian beams 
    In Chapter 2, we have introduced the mathematics and the experimental 
generation methods of CV beams. Mathematically, CV beams of BG distribution are 
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one of the vector solutions of Helmholtz equation in the paraxial approximation. A 
general form of Eq. (3.1) has been derived in Chapter 2. For simplicity, BG beam 
refers to cylindrical vector Bessel-Gaussian beam in the following sections.  
     
2 2 2
0
0 0 0 0
0
0
/1 /(2 )( , , ) exp( ) exp[ ] ( )
1 / 1 / 1 / 1 /
cos[( 1) ] 0
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= − ⋅ − ⋅
+ + + +
− +   
⋅   − +   
.   (3.1) 
From Eq. (3.1), it is evident that the properties of BG beams such as spatial 
distribution and polarization can be tuned flexibly by modifying the transverse wave 
number β and the beam waist w0. Both multi-ring-shaped (MRS) and 
single-ring-shaped (SRS) BG beams can be achieved with proper beam parameters β 
and w0. According to the first solution of the first order Bessel function of the first 
kind, the regions (w0 and β) of the SRS and MRS Bessel-Gaussian beams can be 
calculated. As shown in Fig. 3.1, these regions are separated by the black curve: the 
blue area below the black line is the region where SRS beam exists, whereas the other 
region is defined for MRS beam. It should be noted that only limited values of 
transverse wave number and beam waist are plotted for simplicity. It can be easily 








Figure 3.1 The regions of w0 and β which lead to single-ring-shaped and 
multi-ring-shaped BG beam, respectively. The black curve denotes the first solution of 
the first order Bessel function of the first kind. A, B, C, and D are four points 
randomly chosen for study.  
 
 
Figure 3.2 The instantaneous polarization status and intensity distributions of the BG 
beam with different β and w0 at points A, B, C, D shown in Fig. 3.1. The polarization 
order n=1. (Unit: mm,).  
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3.2.1 Single-ring-shaped BG beam 
As shown in Fig. 3.1, the wave number β and beam waist w0 of SRS beam are 
located in the blue region. In order to illustrate the characteristics of the SRS beam in 
this region, for simplicity, we choose to study SRS beam with polarization order n=1. 
Following the same approach, the SRS beam with other polarization orders can be 
studied similarly.  
Figure 3.2(a) describes the instantaneous polarization and intensity profiles of 
the SRS beam with parameters at point A (shown in Fig. 3.1) with w0=1.05 and β=2. 
Theoretically, when the polarization order of the CV beams is n=1, it is the 
well-known fundamental-mode CV beam with radial or azimuthal polarization. In Fig. 
3.2(a), only CV beam with radial polarization is plotted. Usually, direct focusing of 
fundamental-mode SRS beam with clear aperture leads to a hotspot or hollow beam 
near the focal plane. With additional specially designed optical elements, other optical 
patterns, i.e., optical bottle, optical chain and needle with strong longitudinal electric 
field, can also be generated with SRS beams [33].  
3.2.2 Multi-ring-shaped BG beam 
    Theoretically, multi-ring-shaped BG beam is also CV beam, obeying the solution 
of vector Helmholtz equation in the paraxial approximation. Similar to SRS beam, 
MRS beam also maintains a radiation pattern with an optical null in the center. As 
depicted in Fig. 3.1, BG beams with beam parameters located in the area beyond the 
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blue region are MRS beams. To illustrate the properties of MRS beams, points 
B(w0=1.31, β=4), C(w0=2.5, β=4) and D(w0=5, β=8) are randomly chosen. Their 
instantaneous polarization status and intensity distributions are also plotted in Figs 
3.2(b)-(d). Evidently, MRS beam differs from SRS beam by the size and energy of the 
center ring and the numbers of the outer rings. For instance, point B in Fig. 3.1 shows 
a strong-intensity center ring along with an outer ring with a rather weak intensity. It 
can be observed from Figs. 3.2(b)-(d) that a phase difference π between the 
neighboring rings exists in MRS beams. Normally, for SRS beam, this kind of π phase 
modulation in different regions of the cross-section of the input should be introduced 
by additional optical elements so as to produce desired optical patterns in the focal 
region [33]. When we compare Figs. 3.2(b) and (c), it can be found that when the 
transverse wave number β is same, larger w0 allows more rings to appear in the 
radiation pattern. Moreover, if the number of total rings increases, more portion of 
energy will be distributed in the outer rings. When the MRS beams are employed in 
the focusing, the efficiency of the focusing system is expected to be increased, as the 
energy distributed in the outer rings also contributes to the fields at the focal plane.  
For comparison, the instantaneous polarization status and intensity distributions 
of high-order MRS beams are also plotted in Fig. 3.3, where the same beam 
parameters β=6 mm-1 and w0=2.5 mm are used. The polarization orders of the CV 
beams in Figs. 3.3(a)-(d) are n=-1, 1, 2, 3, respectively. The case of n=0 is not of 
interest to us in this thesis because the light beam becomes linearly polarized when 
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n=0. Interestingly, a phase difference π between neighboring rings also exists in 
high-order MRS beams. The center rings in the intensity patterns of MRS beams have 
the same trend as [58] where high-order SRS beams are investigated. However, MRS 
beams differ from SRS beams in [58] by the number of rings and the π phase 
difference between neighboring rings, which offers a promising approach to realize 
the beam manipulation without additional optical elements. Conventionally, extra 
phase and amplitude modulations are induced with external optical elements in the 
SRS beam manipulation. However, with MRS beams, the intricate and 
resource-consuming design and fabrication of optical elements can be avoided. Hence, 
a systematic and efficient way to generate various optical patterns may be developed.   
  
Figure 3.3 The instantaneous polarization status and intensity distributions of the 
MRS Bessel-Gaussian beam with beam parameters β=6 mm-1 and w0=2.5 mm. The 
polarization orders of the CV beams in a-d, respectively, are n=-1, 1, 2, 3. (Unit: mm).  
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3.3 Numerical calculation method  
In this section, the method of calculating the vector fields near the focal plane 
will be introduced for studying the focusing properties of CV beams. In principle, the 
focusing behavior of vector beams by aplanatic objective is analyzed with vectorial 
diffraction theories. More specifically, the focusing of the vector beam with high-NA 
lens can be numerically approximated by Richards and Wolf’s theory [65]. Figure 3.4 
illustrates the schematic of focusing the CV beams with a high-NA lens.  
 
 
Figure 3.4 Focusing CV beam with clear aperture. The lens is assumed to locate at 
incident plane (z=0). f is the focal length of the lens. 
 
    Instead of considering about BG beams directly, we start with the general form 
of the electric vector in front of the pupil plane. It is given as  
                0( , ) ( ) ( , ) ( , )iE l P e eρ φρ φ ρ ξ ρ φ η ρ φ = +  ,                  (3.2) 
where 0l is the peak field amplitude at the pupil plane, P(ρ) is the pupil plane 
amplitude distribution which is normalized to 0l , ( , )ξ ρ φ and ( , )η ρ φ are the field 
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strength factors of the respective components, and satisfy 2 2 1ξ η+ = .  
When the incident plane wave is focused by an aplanatic lens, the refracted 
wavefront is spherical and satisfies the ray projection function as given in Eq. (3.3).  
                            / ( )f gρ θ= .                           (3.3) 
Simultaneously, the pupil plane amplitude distribution P(ρ) becomes the pupil 
apodization function P(θ) on the spherical wavefront. Obviously, the energy before 
and after the lens should obey the law of energy conservation if no energy 
consumption occurs inside the lens. Let us consider about a ring-shaped subregion in 
the plane wavefront with area 2 21 ( )s dπ ρ ρ ρ = + −  . The corresponding subregion in 
the spherical wavefront is [ ]2 2 cos cos( )s f f f dπ θ θ θ= − + . According to the law of 
energy conservation, we have  
                     [ ] [ ]2 20 1 0 2( ) ( )l P s l P sρ θ= .                        (3.4) 
    Assuming 2( ) sin( ) cos( ) 0d d dρ θ θ= = = , and inserting them into Eq. (3.4), Eq. 
(3.4) can be rewritten as  
                    2 2 2( ) ( ) sinP d P f dρ ρ ρ θ θ θ= ⋅ .                    (3.5) 
    Finally, the pupil apodization function on the spherical wavefront can be derived 
as a function of the ray projection function  
           2 '( ) ( ) / sin ( ( )) ( ) ( ) sinP P d f d P fg g gθ ρ ρ ρ θ θ θ θ θ θ= ⋅ = .       (3.6) 
    As the ray projection function of the typical objective lenses can be described by 
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the sine function, namely ( ) sing θ θ= , thus Eq. (3.6) can be simplified and written as  
                      ( ) ( sin ) cosP P fθ θ θ= .                       (3.7a)  
However, it should be noted that the ray projection function is not always sine 
function. Moreover, the ray projection function may also follow Herschel condition, 
Lagrange condition or Helmholtz condition. It should be properly chosen according to 
the objective lens in different cases. For the objective lens with ray projection 
function obeying Helmholtz condition, namely ( ) tang θ θ= , the ray projection 
function is given by 
                      3 2( ) ( tan ) (cos )P P fθ θ θ −= ⋅ .                    (3.7b) 
    When the plane wave is projected into spherical wave due to refraction, the unit 
vectors are transformed from cylindrical coordinates ( , , )e e kρ φ  to spherical 
coordinates ' '( , , )re e sϕ too, which are demonstrated in Fig. 3.4. According to the 
Richards–Wolf’s theory [65], the electric fields ( , , )E r zϕ  near the focal plane can be 
numerically calculated by the diffraction integral over the vector field on the spherical 
wavefront with radius equal to the objective lens focal length f. 
   max
2( ) ( )
0 0
( , , ) ( , ) ( , ) sin
2 2
ik s r ik s rik ikE r z a e d d a e d
θ π
ϕ θ φ θ θ φ θ φ
π π
⋅ ⋅ ⋅ ⋅
Ω
− −
= Ω = ⋅∫∫ ∫ ∫ ,  (3.8) 
where θ max is determined by the numerical aperture ( maxsinNA θ= ), the field strength 
factor is given by  
            
' '
0( , ) ( ) ( ( ), ) ( ( ), )ra l fP fg e fg eϕθ φ θ ξ θ φ η θ φ = +  .             (3.9) 
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For any point in the observation plane, it is known  
                ' cos (cos sin ) sinr x y ze e e eθ φ φ θ= ⋅ + ⋅ + ⋅ ,               (3.10a) 
                ' sin cosx ye e e eϕ φ φ φ= = − ⋅ + ⋅ .                       (3.10b) 
The unit vector ( s , r ) along a ray in the observation plane are denoted as 
                sin (cos sin ) cosx y zs e e eθ φ φ θ= ⋅ + ⋅ + ⋅ ,                 (3.10c)  
                 cos sinx y zr r e r e z eφ φ= ⋅ + ⋅ + ⋅ .                     (3.10d)  
With Eqs. (3.10c) and (3.10d), we can thereby obtain the factor 
                cos sin cos( )s r z rθ θ φ ϕ⋅ = + − .                        (3.11) 
Finally, by inserting Eqs. (3.9), (3.10a), (3.10b) and (3.11) into Eq. (3.8), we can get 
the electric fields ( , , )E r zϕ near the focal plane 
            
max 2
( cos sin cos( ))0
0 0
( , , ) sin ( ) ik z ril fE r z P e d d
θ π
θ θ φ ϕϕ θ θ φ θ
λ
+ −−= ⋅ ⋅Γ ⋅∫ ∫ ,     (3.12) 
where the transmission matrix Γ is given by  




( ( ), ) cos cos ( ( ), ) sin
( ( ), ) cos sin ( ( ), ) cos
( ( ), ) sin
cos( ) sin( )











fg e fg e
e
φ φ
ξ θ φ θ φ η θ φ φ
ξ θ φ θ φ η θ φ φ
ξ θ φ θ
φ ϕ φ ϕ
ξ θ φ φ ϕ η θ φ φ ϕ
θ
 ⋅ − ⋅ ⋅
 
Γ = ⋅ + ⋅ ⋅ 
 ⋅ ⋅ 
 − ⋅ − − ⋅
 
= − ⋅ + − ⋅ 






.      (3.13) 
    In order to obtain the expressions of the fields near the focal plane for BG beams, 
for simplicity, we assume that the waist plane and the pupil plane are located at the 
same position. The BG beams at the incident plane can be written as  





0[ ( ) ]
0 0 0( , ) ( ) cos[( 1) ] sin[( 1) ]
w
i nE l J e n e n e
ρ
ρ φρ φ βρ φ φ φ φ−  = ⋅ − + ⋅ + − + ⋅  .  (3.14) 
By substituting Eq. (3.14) into Eq. (3.13), the transformation matrix Γ  can be 
rewritten as  
     0 0
cos cos sin






n e n e
e e
θ φ φ
φ φ θ φ φ φ φ
θ
   ⋅ − ⋅
   
Γ = − + ⋅ + − + ⋅   
   ⋅ ⋅   
.       (3.15) 
To make the coordinates consistent, Eq. (3.15) can be transformed into cylindrical 
coordinates and written as 




{cos cos[( 1) ]cos( ) sin[( 1) ]sin( )}
{cos cos[( 1) ]cos( ) sin[( 1) ]cos( )}







θ φ φ φ ϕ φ φ φ ϕ
θ φ φ φ ϕ φ φ φ ϕ
θ φ φ
 − + − − − + − ⋅
 
Γ = − + − + − + − ⋅ 
 ⋅ − + ⋅ 
.    (3.16)  
According to the properties of trigonometric function, we have  
    0 0 0
1 1cos( ) cos[( 1) ] cos( ) cos[( 2) ]
2 2
n n nφ ϕ φ φ φ φ ϕ φ φ ϕ− ⋅ − + = + − + − + + ,   (3.17a) 
    0 0 0
1 1sin( ) sin[( 1) ] cos( ) cos[( 2) ]
2 2
n n nφ ϕ φ φ φ φ ϕ φ φ ϕ− ⋅ − + = − + − + − + + .  (3.17b) 
Moreover, we have the identity 




cos( ) 2 ( sin )ikr m mm e i J kr
π
θ φφ π θ⋅ =∫ ,                (3.18a) 




sin( ) 2 ( sin )ikr m mm e i J kr
π
θ φφ π θ⋅ =∫ .                (3.18b) 
After substituting Eqs. (3.16), (3.17a) and (3.17b) into Eq. (3.12), and further 
simplifying it with the identity, the vector of the electric fields ( , , )E r zϕ near the 
focus can be finally expressed as     
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 − + ⋅ − + + ⋅
 
= − ⋅ − + ⋅ + + − ⋅ 
 − − + ⋅ ⋅ ⋅ 
× ⋅
∫ ,  (3.19) 
where P(θ) is the apodization function, 0 /A l fπ λ= , sinα=NA, and Jn=Jn(krsinθ). 
    For aplanatic lens that obeys the sinusoidal function, the apodization function 
given by Eq. (3.7a) can be rewritten as  
             20( ) ( sin ) exp[ ( sin ) ] cosnP J f f wθ β θ θ θ= ⋅ − ⋅ .            (3.20a) 
For aplanatic lens that obeys the Helmholtz condition, the apodization function 
given by Eq. (3.7b) can be rewritten as  
              2 3/ 20( ) ( tan ) exp[ ( tan ) ] (cos )nP J f f wθ β θ θ θ −= ⋅ − ⋅ .         (3.20b) 
Usually, γ=R/w0 which is the ratio of the pupil radius and the beam waist w0 is 
assumed. After inserting the approximation NA=R/f and γ into Eq. (3.20a) and Eq. 
(3.20b), the apodization functions P(θ) become  
                20
sin sin( ) ( ) exp[ ( ) ] cos
sin sinn
P J w θ γ θθ β γ θ
α α
= ⋅ − ⋅ ,          (3.21a) 
                2 3/ 20
tan tan( ) ( ) exp[ ( ) ] (cos )
tan tann
P J w θ γ θθ β γ θ
α α
−= ⋅ − ⋅ ,        (3.21b) 
where sinα=NA. In our study, for simplicity, γ is set to unity. 
3.4 Intrinsic properties of CV beams in focusing optics 
Since the first experimental demonstration of CV beams in 1972, CV beams have 
been extensively investigated both theoretically and experimentally [15, 58, 20, 27, 
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28]. As discussed in Section 3.2, MRS and SRS beams with different polarization 
orders can be achieved with properly chosen beam parameters. Generally, direct 
focusing of fundamental-mode SRS beams results in spot (when incident light is 
radially polarized) or optical hollow (when incident light is azimuthally polarized) 
[33]. In addition, it has also been demonstrated that direct focusing of high-order SRS 
beams leads to optical null with different patterns [58]. With additional specially 
designed optical elements, more patterns with unique characteristics, such as optical 
bottle, optical needle and optical chain [15, 33], can also be produced with SRS 
beams. Recently, high-order Laguerre-Gaussian (LG) beam has been shown to have 
remarkable property in creating a smaller focal spot by introducing destructive 
interference through a π phase shift between the adjacent rings [66, 67]. It is also 
demonstrated that the ratio between the pupil radius and the LG beam radius 
determines the proportion of the longitudinal component near the focus [66].  
However, different from the high-order LG beam and SRS beam, the 
characteristics of MRS cylindrical vector beams have not been fully investigated yet. 
Therefore, in this section, we will focus on studying the properties of MRS beams in 
focusing optics. The schematic of focusing the MRS beam with a high-NA lens is 
depicted in Fig. 3.5, where various patterns are expected to be generated in the focal 
region. The numerical simulations are performed with the vector diffraction theory 
which has already been introduced in Section 3.3.  
 





Figure 3.5 Schematic of the MRS beam focused by a high-NA lens (sinα=NA). 
Various optical patterns are expected to be created in the focal region.   
 
 
Figure 3.6 The intensity profiles of the MRS beams with (a) n= –1, (b) n=1, (c) n=2, 
and (d) n=3 along the x-z plane. The inset figures show the field intensity profiles 
along the x-y plane across the white dashed lines (unit: λ, β=6 mm-1, w0=2.5 mm). 
 
Figure 3.6 depicts the intensity profiles of the focused MRS beams by a 0.95-NA 
lens placed along x-z plane, where the field intensity has been normalized to the 
maximum intensity in this plane. For a fair comparison, the incident beams in Fig. 3.6 
are set to have the same beam parameters (β=6 mm-1 and w0=2.5 mm) except the 
polarization orders. The states of polarization and intensity profiles of the incident 
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beams are also given in Figs. 3.3(a)-(d). Moreover, the intensity distributions at the 
focal plane with z=0 (across the white dashed lines) are also displayed in the insets. 
Obviously, BG beams with the orders of –1, 2, 3 can be focused into a beam with 
bottle-shaped and hollow-shaped null field, which result from the destructive 
interference between the neighboring rings. We can also observe that the null fields 
for n = –1, 2, 3 are not circularly symmetric (elliptical or cross-shaped) due to the 
complex states of polarization as shown in Figs. 3.3(a), 3.3(c) and 3.3(d). In contrast, 
the radially polarized BG beam with n=1 leads to a symmetric bottle beam with null 
field surrounded by a high intensity barrier. This kind of bottle or hollow beam has 
been widely investigated for a diversity of applications in both physics and bioscience 
(such as cooling atoms [68] and manipulating microscopic particles [6]).  
When n=1, Eq. (3.1) represents the well-known radially polarized beam which 
results in a sharp hotspot with strong longitudinal component if it is directly focused 
by a high-NA lens [69]. It has been already demonstrated that a sharp focal spot can 
be formed by a high-order LG beam with double rings [67]. However, the results 
shown in Fig. 3.6(b) differ from [67, 69], because the radially polarized beam which 
is well-known for its small focal spot surprisingly displays the ring-shaped pattern 
with null on-axis intensity at the focal plane. Conventionally, the geometrical 
parameters of a bottle beam created at the focal plane are controlled by replacing the 
focusing lens with different NA [70]. It is interesting that the physical size of the 
bottle beam can be tuned by varying β and w0 even though the same focusing lens is 
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used.   
From Figs. 3.6(a), 3.6(c) and 3.6(d), it can be seen that the fields near the focal 
plane in cases of n = –1, 2, 3 are asymmetric. Hence, it is reasonable for us to focus on 
studying the BG beams with n=1 which leads to focal fields with rotational symmetry. 
In addition to the null field shown in Fig. 3.6(b), it is found that the MRS beams can 
also create a sharp hotspot. However, we need to limit w0 and β to particular values 
where the intensity profiles of this MRS beam have a strong intensity ring together 
with a weak intensity outer ring. Figure 3.7 presents the FWHM of the null field or 
hotspot along the radial direction at the focal plane (x-y plane) as we vary the values 
of w0 and β. The color bar in Fig. 3.7 indicates the value of FWHM in unit of λ as a 
function of w0 and β. The field intensity distributions along the lateral direction at 
points A (where w0=1.05 and β=2), B (where w0=1.31 and β=4), C (where w0=2.5 and 
β=4) and D (where w0=5 and β=8) are plotted at the top right corner. It can be inferred 
that the fields at points A and B are hotspots, while there is a null field at point D. For 
each point in Fig. 3.7, the field intensity along radial direction is first normalized to 
the maximum; then the values of FWHM at these points are measured at half 
maximum (which are depicted with arrows as depicted in Fig. 3.7). However, it 
should be pointed out the FWHM at point C is not included in our study due to the 
fact that w0 and β at this point will lead to saddle-shaped distribution which is not of 
interest in this study.  
 





Figure 3.7 The FWHM of the null field or hotspot along the radial direction at the 
focal plane as we vary both w0 and β (unit: λ, n=1). The field-intensity distributions 
along the radial direction at points A, B, C and D (marked by stars) are plotted in the 
curves at the top right corner. The white region denotes that the field here is neither 
null field nor hotspot.  
 
 
Figure 3.8 The FWHM of the null field or hotspot along the optical axis as we vary 
both w0 and β (unit: λ, n=1). The field-intensity distributions along the optical axis at 
points A, B, C and D (marked by stars) are plotted in the curves at the top right corner. 
The white region denotes that the field here is neither null field nor hotspot.  
 





Figure 3.9 The field intensity distributions of the null field or hotpot along optical 
axis at points A, B, C and D (Unit: λ).  
 
In addition to the selected points A, B, C and D in Fig. 3.7, it can also be 
observed that the values of FWHM change progressively in accordance with w0 and β. 
From the color bar in Fig. 3.7, we note that the FWHM of the hotspot at the focus in 
some regions in I is at the subwavelength scale, which may benefit optical data 
storage or lithography. The subwavelength hotspot achieved with this mechanism 
differs from that obtained with super-oscillatory lens which achieves a smaller hotspot 
at the cost of high-intensity side lobes [71]. Nevertheless, there is a white region II 
where w0 and β give rise to a focal field with a saddle-shaped distribution, which is 
neither a hot spot nor the optical null field. Obviously, Fig. 3.7 which displays the 
focusing properties of MRS beams with various w0 and β can serve as a guideline for 
choosing BG beams in practical applications. Instead of exchanging the focusing lens 
or designing another mask [15, 64], our scheme unambiguously shows that the pattern 
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of the focused spot can alternately be varied by tuning the profiles (w0 and β) of the 
incident light.  
Moreover, we also display the axial performance (i.e., the axial FWHM of the 
null field or hotspot along the propagating direction) of the focused BG beams in Fig. 
3.8 based on the varied beam parameters w0 and β. The color bar and units in Fig. 3.8 
are the same as those employed in Fig. 3.7. Similar to Fig. 3.7, a black line is also 
included in Fig. 3.8 to demarcate the regions of SRS beams and MRS beams. The 
field intensity profiles along the optical axis at points A, B, C and D (which 
correspond to the four points selected in Figs. 3.1 and 3.7) are plotted at the top right 
corner where the definition of FWHM for null-field or hotspot are shown. It can be 
seen that the focused BG beam at point A is Gaussian along the optical axis similar to 
that along the radial direction. At point B, however, the intensity along the optical axis 
has a flat-top shape (around 1λ) along the propagating direction (z-axis), which differs 
from the hotspot in Fig. 3.7. It implies that directly focused BG beams with w0 and β 
in this region can produce an optical needle with long depth of focus, uniform axial 
intensity distribution and small lateral size without resorting to conventional 
mechanism through phase or amplitude masks [64, 72]. To further illustrate the 
properties of the focused field, the field intensity distributions along optical axis are 
also plotted in Fig. 3.9. Specifically, as shown in Fig. 3.9, the FWHM of the BG beam 
with parameters w0 and β at points A and B are 1.84 λ and 3.02 λ, respectively. 
Compared to A, the FWHM along optical axis at B is increased by 64.1%. There is 
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also a white region II in Fig. 3.8 representing BG beams with saddle-shaped 
distributions that are not useful for focusing purposes; this white region is exactly the 
same as in Fig. 3.7. Additionally, we identify another two regions (I and III) which 
correspond to those marked in Fig. 3.7.  
Combining the results in Figs. 3.7, 3.8 and 3.9, we can conclude the following 
points about the focusing properties of BG beams: 
● For the SRS beam (e.g., point A), its focused pattern at the focal plane always leads 
to a hotspot.  
● For the MRS beam with parameters located in region I (e.g., point B), an optical 
needle with uniform axial intensity distribution and small lateral size can be 
obtained.  
● For the MRS beam with parameters located in the white region II (e.g., point C), a 
saddle-shaped intensity profile lying between the needle and the null field is 
generated.  
● For the MRS beam with parameters located in region III, which contain a vast 
majority of all the vector BG beams, each of their optical patterns in the focal 
region yields a null field as shown in Fig. 3.6.  
    It should be further emphasized that the FWHM along the optical axis is larger 
than that along the lateral direction. Usually, the lateral resolution in microcopy is 
proportional to 1/NA, while the axial resolution is proportional to 1/NA2 [70, 73]. 
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Hence, the axial spot size should be much larger compared to the lateral size of the 
same spot, which explains reason why the lateral FWHM is smaller than the axial 
FWHM. According to [70], a similar mechanism can be applied to tune the size of the 
null field by changing the NA of the focusing lens.  
3.5 Summary 
    In this chapter, we have employed vector diffraction theory to study efficient 
beam manipulation by focusing MRS beams with different beam parameters. We have 
shown that hollow or bottle beam or focal spot can be created by focusing the BG 
beam by virtue of its particular spatial intensity distribution and the π phase difference 
between neighboring rings. It is found that optical null field (which is usually formed 
by focusing azimuthally-polarized beam or focusing radially-polarized beam with 
optical masks) can also be produced by using the MRS radially-polarized beam (n=1). 
Moreover, a needle with long depth of focus can also be generated by properly 
choosing the beam parameters β and w0 of the BG beam. The map describing the 
focusing properties of the BG beams provides a complete illustration of the optical 
pattern in the focal region. The beam-shaping scheme we proposed here by directly 
focusing the structured beams (e.g., the BG beams with special intensity and 
polarization distribution) without additional optical elements may find attractive 




Chapter 4  
Super-focusing with binary lens 
4.1 Introduction 
In Chapter 3, the intrinsic properties of CV beams in focusing optics have been studied. 
Several optical patterns are shown to be created by directly focusing CV beams through 
tuning the beam parameters. When the parameters of the incident CV beams are determined, 
however, additional optical elements should be adopted to modulate the phase and amplitude 
of the incident light. Conventionally, binary phase and amplitude masks are widely employed 
to generate subwavelength and deep subwavelength spot or needle. As introduced before, 
binary lens and CV beams provide superior properties in focusing light beyond the diffraction 
limit in the far-field and air ambient. However, it is very intricate and time consuming to 
design and optimize binary lens (amplitude or phase mask) with commercial software due to 
the involvement of a larger number of geometric parameters. The lens design and 
optimization become more challenging as the optimal lens is always a compromise between 
lots of parameters, i.e., field of view (FOV), side lobe, polarizations of the focal fields, the full 
width at half maximum (FWHM) and depth of focus (DOF). Under tightly focusing 
circumstance, strong longitudinal component arises at the focal plane. Higher numerical 
aperture (NA) leads to smaller focal spot and stronger longitudinal component. Theoretically, 
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the focal spot can be infinitely small if the lens gets into region of the super-oscillation [46]. 
However, it is usually realized at the cost of small FOV and prominent sidebands which is 
inevitable, making it difficult to be used in practical application.  
In this chapter, a readily method to design and optimize binary lens for creating 
super-resolution spot and needle with longitudinal polarization will be introduced. 
Firstly, the vectorial Rayleigh Sommerfeld (VRS) method which yields exact 
evaluations of the diffracted light fields in the near-field and the farfield will be 
derived for the analysis of diffraction problems by apertures. Based on the VRS 
integrals, an approach to readily design and optimize a planar diffraction-based lens 
consisting of concentric annuli will be proposed. The validity of our proposed 
approach to analyze aperture diffraction problems has been affirmed by comparison 
with the numerical results obtained by commercially-available FDTD software in all 
cases of investigation for various and complex polarization states. Planar lenses which 
can be used to generate the longitudinally polarized spot or needle with low side lobes 
and subwavelength FWHM will be designed and analyzed. It is found that the limit of 
FWHM is 0.36λ when the focal spot or needle does not have prominent sideband. 
Strong side lobes arise if the FWHM of the spot or needle is smaller than this limit, 
and the spot becomes super-oscillatory spot.  
In order to distinguish super-resolution and super-oscillatory focusing, rigorous 
classification and explicit definition will be established in this chapter. A physical 
design roadmap of the super-oscillatory focusing by using binary lens will be 
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proposed. With this approach, arbitrary super-oscillatory spot with customized 
FWHM and FOV can be efficiently designed.  
4.2 Vectorial Rayleigh-Sommerfeld method 
Diffraction, which occurs naturally when a wave encounters an obstacle, is a 
fundamental feature affecting imaging systems, such as cameras, telescopes and 
microscopes [46, 75, 76]. The analysis of light diffraction usually entails the direct or 
approximate calculation of diffraction integrals [7, 76-79]. Traditionally, a rule of 
thumb when choosing between scalar integrals and vectorial integrals is to consider 
the NA of the lens used for light focusing: scalar theory is known to yield accurate 
predictions when the NA is approximately smaller than 0.7 [7]. However, it has to be 
borne in mind that unpolarized light becomes fully polarized in the focal region when 
using high-NA focusing [13]. In general, calculations based on scalar theory tend to 
underestimate the hotspot size when the NA is no longer small [69], as the vectorial 
properties of incident light not only affect the local field direction but also the 
intensity distribution at the focus. In fact, the simulation results reported in reference 
[80] indicate that the hotspot derived from scalar theory is larger than that computed 
by vectorial theory or numerical algorithms even though the NA is as small as 0.25. 
This is particularly important when people attempt to achieve far-field hotspots 
beyond the diffraction limit, such as in super-resolution imaging, high-density data 
storage or 3D lithography [46, 81].  
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On the other hand, the intensity and vectorial properties of the incident light also 
affect the interaction with materials [3, 82]. Light with strong longitudinal electric 
field component tends to create ablation crater at the focal region and minimize the 
cracks generated by transverse components, thus helping to smoothen the interface 
[11, 83], which has been applied in data recording on phase-change materials [17-20]. 
Traditionally, strong and tight longitudinal electric field is realized by high-NA lens 
together with circular or angular aperture [69, 88]. It can be also created by 
lens-assisted and phase-controlled binary optics [17].  
Recently, the diffraction-based super-oscillatory lens [46, 45] has been 
experimentally shown to yield super resolution [37, 89]. The planar diffraction-based 
lens [46, 45] has many advantages: i.e., no physical limit on resolution (but at the 
expense of strong sidelobe), relatively easy implementation and working in the 
farfield. Apart from the huge-sidelobe problem, which is inevitable owing to super 
oscillation theory, such a super-resolution hotspot is in the farfield of the lens and 
requires a number of optimized annular structures. Hence, the conventional scalar 
method or finite difference time domain (FDTD)-based commercial software will 
manifest severe accuracy problems or computational difficulties which in turn 
prohibit robust optimization for the super-resolution lens. The situation becomes even 
more challenging when we need to consider specially polarized incident light, e.g., 
radially or azimuthally polarized light. 
In order to proceed, we must recourse to a robust version of vectorial diffraction 
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theory which can serve as a fundamental, rigorous and highly efficient method in this 
chapter to design and optimize the flat lens for achieving subwavelength and even 
super-resolution hotspot in the farfield. Moreover, the polarization state of the hotspot 
can be fully designed and manipulated at will. It is reported that the VRS method 
which is suitable for analysis of diffraction at apertures in plane screens yields exact 
evaluations of the light fields for both near-field and far-field diffraction [77, 79]. In 
this section, the VRS diffraction integrals will be derived for analysis of diffraction 
problems by apertures.  
4.2.1 The Rayleigh diffraction integrals 
It is well known that mathematical inconsistency which arises from the two 
assumed boundary conditions exists in Kirchhoff’s diffraction theory [7]. In order to 
overcome the mathematical difficulties, two new solutions to the Helmholtz equation, 
namely the Rayleigh-Sommerfeld diffraction integrals of the first-kind and 
second-kind, have been derived by Lord Rayleigh and Arnold Sommerfeld. We start 
from the derivation of the Rayleigh diffraction integrals.  
From Maxwell’s equations, Helmholtz equation can be derived as  
                       2 2( ) ( ) 0k U p∇ + = ,                            (4.1) 
where k=2π/λ is the wave number, and 
2 2 2
2
2 2 2x y z
∂ ∂ ∂
∇ = + +
∂ ∂ ∂
 is the Laplacian. Let us 
assume that U and U' are two solutions to Eq. (4.1). It can be known that they satisfy 
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∂ ∂∫∫ ,                         (4.2) 
where S denotes the region of integration, n represents the unit vector of the surface 
normal toward the region closed by the surface S, and P is a point within the closed 
region, as shown in Fig. 4.1.  
 
Figure 4.1 Two closed surfaces around a point P.  
 
 
Figure 4.2 P is an arbitrary point of observation. P1 and P2 represent two points of 
integration on S. 
 
According to Huygens-Fresnel principle, we can make an assumption that the wave is 
spherical and takes the form of ' exp( )( , , ) ikrU x y z
r
−
= , where r is the distance between 
the observation point P (u, v, z) and the points of integration P1(x, y, z) and P2(x, y, -z). 
If P is inside the integration volume, by inserting ' exp( )( , , ) ikrU x y z
r
−
=  into Eq. (4.2), 
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we can obtain  
                  
'
'( ) 4 ( )
s
U UU U ds U P
n n
π∂ ∂− ⋅ =
∂ ∂∫∫ .                    (4.3) 
If the point P is outside the integration volume, we have  








∂ ∂∫∫ .                         (4.4) 
Now, assume the integration volume is the half-space z≥0, then the closed surface of 
integration is consisted of the plane z'=0 and a hemisphere as shown in Fig. 4.2. We 
also assume the wave U is an outgoing spherical wave, and the observation point is 
far away from the source point. It can be known that the integral over the large 
hemisphere (r∞) is zero, because at the appropriate earlier time the field has not 
propagated to these regions. Hence, for an observation point P (u, v, z) that is located 
in the half-space z>0, Eq. (4.3) becomes 
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where 2 2 ' 21 ( ) ( ) ( )r u x v y z z= − + − + −  and z>0. For the point P (u, v, -z), Eq. (4.3) 
becomes  
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where 2 2 ' 22 ( ) ( ) ( )r u x v y z z= − + − + + . It can be easily obtained that 
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If we replace the components in Eq. (4.6) with the respective ones in Eq. (4.7a) and 
Eq. (4.7b), we have  
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By subtracting Eq. (4.8) from Eq. (4.5), we can obtain 
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.            (4.9a) 
Similarly, by adding Eq. (4.8) and Eq. (4.5), we can obtain  
           ' '( 0)
1 exp( ) ( , , )( , , )
2 z





.              (4.9b) 
    Eqs. (4.9a) and (4.9b) are the well-known Rayleigh diffraction integrals of the 
first and the second kind, respectively [90]. Both of them are the solutions to the 
Helmholtz equation. In Eq. (4.9a), the electric field U takes on the initial values at the 
plane z=0, and the spherical wave is outgoing at infinity in half-space z>0. However, 
in Eq. (4.9b), the derivative '( , , ) /U x y z z∂ ∂ has initial values at the plane z=0.   
4.2.2 Vectorial Rayleigh-Sommerfeld diffraction integrals 
With the Rayleigh diffraction integrals, in this section, we start to study the 
diffraction of a monochromatic wave at an aperture in an opaque screen, as illustrated 
in Fig. 4.3. We are interested in obtaining the electric fields at point P(u, v, z) in the 
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half-space z>0. We assume the size of the aperture is large compared with the 
wavelength but small compared with the distance r. Moreover, the field at the aperture 
is assumed to be equal to the incident field iU  and the field right behind the dark 
screen is zero. Thus, the first-kind Rayleigh diffraction integral Eq. (4.9a) can be 
rewritten as 
              2 '









.          (4.10a) 
 
 
Figure 4.3 Light diffraction from an aperture in an opaque screen and the definition 
of the diffraction plane and the observation plane. 
 
It is reasonable to assume ( , , ) / ( , , ) /iU x y z z U x y z z∂ ∂ ≈ ∂ ∂ , and this derivative is 
zero in the region behind the dark screen. Therefore, the second-kind Rayleigh 
diffraction integral Eq. (4.9b) becomes 
             2 '









.            (4.10b) 
Formulae (4.10a) and (4.10b) are the Rayleigh-Sommerfeld diffraction integrals 
of the first and second kind, respectively. It should be mentioned that they are 
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deduced in air ambient. If the diffraction occurs in a medium with refractive index n, 
the exponent should be replaced by exp( )iknr
r
− .    
More specifically, in Cartesian coordinates, the first-kind Rayleigh-Sommerfeld 
diffraction integrals may be written in the following forms [91]:  
            ( ) ( )
2
1 exp( ), , , ,0
2x xR
iknRE u v z E x y dxdy
z Rπ
∂  = −  ∂  
∫∫ ,            (4.11a) 
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where ( ) ( )2 22 2R z x u y v= + − + − ; ( ), ,0xE x y and ( ), ,0yE x y  denote the incident 
electric-field components along the x  and y  directions, respectively; n is the 
refractive index of the medium space; and ( ), ,0x y and ( ), ,u v z represent the incident 
and observation planes, respectively. Solving the differentials in Eqs. (4.11a)-(4.11c) 
provides us with the simplified forms of first-kind VRS formulas expressed in 
Cartesian coordinates:  
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As it is more convenient for the CV beams to employ cylindrical coordinate due to the 
rotational symmetry of the CV beams, these electric-field components given in the 
Cartesian coordinate are transformed into their cylindrical-coordinate counterparts. 
The coordinate transformation from Cartesian (x, y, z) to cylindrical ( ), ,r zϕ  is used.  









    
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. ( ), ,0r ϕ  and ( ), , zρ θ  represent the 
incident and observation planes, respectively. Thus, the radial, azimuthal and 
longitudinal components may be rewritten in cylindrical coordinates as: 
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where ( )2 2 2 2 2 cosR z r rρ ρ ϕ θ= + + − − . After solving the differentials in Eq. (4.14), 
the following expressions can be obtained for the requisite field components:  
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Since the integration with respect to the cylindrical-coordinate variable ϕ  yields a 
nil result, we infer that Equation (4.15) can be further simplified in the following 
manner, when rE and Eϕ are independent of variable φ:  
        ( ) ( )
2 2
0 0
exp( ) exp( )sin cos
[cos( )] 0
iknR iknRd d
z R z R
π π
ϕ θ ϕ ϕ θ
ψ ϕ θ
∂ ∂   − = − −   ∂ ∂   
= − − =
∫ ∫ ,     (4.16) 






exp( 2 cos )
2 cos
ikn z r r
z z r r
ρ ρ ϕ θ
ρ ρ ϕ θ
 + + − −∂  
 ∂ + + − − 
.   
Finally, we have the simplified forms of these VRS formulas expressed in cylindrical 
coordinates:  
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Obviously, if the field has radial symmetry (whether radially or azimuthally polarized) 
in the original plane, we infer from Eq. (4.16) that it retains its (radial or azimuthal) 
polarization during propagation. 
4.3 VRS and FDTD method for analysis of diffraction by apertures 
In order to demonstrate the validity of employing the VRS integrals in the design 
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and optimization of planar diffraction-based lens composed of concentric annuli, in 
this section, we have chosen to include FDTD verification when studying the 
diffraction of circular apertures. Comparison between results from VRS methods and 
that from FDTD method are made to investigate the effective range where VRS 
integrals are valid. As versatile numerical analysis technique used to solve Maxwell's 
equations, FDTD method allows the user to specify the material at all points within 
the computational domain [92]. Moreover, it allows the effects of apertures to be 
determined directly and accurately. In this study, air is presumed to be the ambient 
medium throughout. For the VRS integrals given by Eqs. (4.12a)-(4.12c) in Cartesian 
coordinates, we have conveniently selected the wavelength of λ=640 nm for our 
numerical simulations with the incident electric field normalized to E=1(i.e., unit 
incident field), as shown in Fig. 4.4. However, it should be noted that light with other 
wavelength can also be chosen in the simulation according to the laser source in the 
experiment, such as He-Ne laser with working wavelength of 632.8 nm. As for FDTD, 
a linearly polarized plane wave with the same wavelength of 640nm is incident onto 
an aperture inside a 200 nm thick aluminium film, which is available in our lab. 
Theoretically, we can also employ gold or silver in the simulation. However, our aim 
is to design amplitude-type lens, which means some part of the lens should be totally 
blocked so that no light can transmit. For simplicity, we select aluminium with 
thickness at 200 nm in the simulation, which is sufficient to block the light and can be 
easily prepared in the experiment. It is also feasible in the experiment to create 
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aperture in this film. 
 
 
Figure 4.4 The diffraction after passing through a circular aperture in an opaque 
screen. The working wavelength of the illumination is 640 nm. D denotes the 
diameter of the circular aperture. f is distance between the exit of the aperture and the 
observation plane.   
 
 
Figure 4.5 (a)-(f): E-field intensity along the optical axis computed by Lumerical 
FDTD and VRS where incident light is linearly polarized and circular aperture 
diameter varies from 0.5λ in (a) to 15λ in (f).  
 
Reproduced in Fig. 4.5 are the E-field intensity distribution plots along the 
optical axis generated by both VRS and 3D FDTD for various values of the aperture 
diameter D. When D is very small, the field decays rapidly as depicted in Figs. 
4.5(a)-(c) because diffraction is always accompanied by divergence; the smaller the 
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aperture is, the faster the light diverge [93, 94]. In this study, the intermediate field 
and farfield are defined according to the distance between the observation plane and 
the exit plane of the lens. It is intermediate field when the distance is between one 
wavelength and 10 wavelengths. It is farfield if the distance is larger than 10 
wavelengths. This kind of definition is also often used in the work reporting metalens 
and plasmonic lens [4, 8, 45, 46, 54]. It is evident from Figs. 4.5(d)-(f) that there is 
good agreement between the plots generated by VRS and FDTD for the E-field 
intensity distribution along the optical axis in both intermediate field and farfield 
when the lateral dimension of the circular aperture exceeds 5λ. It matches well with 
the assumption that the size of the aperture should be large compared with the 
wavelength. However, it should be addressed that good agreement beyond the 
near-field can be found when the diameter is as small as λ, as depicted in Figs. 4.5(b) 
and 4.5(c). It indicates that the effective range where VRS integrals are valid is 
comparable with one wavelength.  
To further illustrate this effect, the E-field intensity distribution in the plane 
perpendicular to the longitudinal direction at f=6.5 µm away from the alumina thin 
film is produced in Fig. 4.6 where the aperture diameter is 5λ. For simplicity, we have 
adopted linearly polarized light along x direction for both VRS and FDTD in order to 
capitalize on the symmetry manifested in Eqs. (4.12a)-(4.12c). As expected, there is 
good agreement between the diffraction patterns of Figs. 4.6(a) and 4.6(c) which are 
generated by VRS and FDTD, respectively. The same inferences are also evident in 
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the corresponding E-field intensity distributions of the longitudinal component 
depicted in Figs. 4.6(b) and 4.6(d). The simulation results of Fig. 4.6 indicate that the 
longitudinal component is much smaller than the transverse component (whether the 
numerical results are from VRS or FDTD). However, it may be interpreted from Fig. 
4.5 that the longitudinal component can instead be dominant with a change of 
observation plane; we will revisit this issue when considering Fig. 4.10 later. 
Furthermore, we note that the longitudinal component profile is quite different from 
the profile of total E-field intensity; this is because all of the three mutually 
orthogonal E-field components interfere perfectly at the observation plane due to the 
vectorial properties of light.  
 
Figure 4.6 Simulation plots for electric-field distributions at f=6.5 μm from circular 
aperture with diameter of 5λ. (a) VRS-computed total E-field intensity. (b) 
VRS-computed longitudinal E-field intensity. (c) FDTD- computed total E-field 
intensity. (d) FDTD-computed longitudinal field intensity.  





Figure 4.7 (a) and (b) intensity distributions computed by VRS for total E-field 
intensity and longitudinal E-field intensity, respectively, at f=10 μm away from the 
circular aperture with D=6.4 μm when radial polarization light with Gaussian 
distribution is incident. (c) and (d) intensity distributions computed by Lumerical 
FDTD for total E-field intensity and longitudinal E-field intensity, respectively, at 
f=10 μm away from same aperture as in (a) and (b). (e) Comparative plots of E-field 
intensity for (a) and (c) along the lateral direction.  
 
After transforming the VRS equations into cylindrical coordinates, we find that 
Eq. (4.17a) is, mathematically speaking, the expression for the amplitude Er of 
radially polarized light [95, 97]. Both radial and longitudinal components co-exist 
when incident light is radially polarized, while only the azimuthal component exists 
when illuminated by azimuthally polarized light, as seen from Eqs. (4.17a)-(4.17c). In 
our following simulations, the incident light is radially polarized with Gaussian 
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envelope exp(-r2/2w2) and the other parameters keep unchanged. The diameter of the 
circular aperture is now fixed at 10λ, and the observation plane is sited 10μm away 
from the source plane. To provide a common basis for comparison, we choose a radial 
beam with FWHM=6 μm for both VRS and FDTD simulations. Similar plots of the 
total E-field intensity profile are observed in Figs. 4.7(a) and 4.7(c), where the 
intensity has been normalized so that the maximum intensity in the focal spot equals 
one for either case. The same trend is also observed in Figs. 4.7(b) and 4.7(d) for the 
corresponding longitudinal-component plots. In order to further illustrate the 
difference between the intensity distributions computed by VRS and FDTD, we 
additionally plot the intensity along the lateral direction in Fig. 4.7(e) where we find 
that the intensity distributions are almost coincident. These numerical results help to 
affirm the validity of VRS for use in the simulation of circular-aperture diffraction 
problems. 
4.4 Design of ultrathin planar lens with VRS 
As introduced in the previous section, diffraction problems of circular aperture 
can be accurately estimated with VRS integrals. It is straightforward that VRS can be 
extended to calculate the diffraction problems of flat lens consisting of concentric 
rings, as long as the size of the smallest aperture remains in the effective region of 
VRS. With VRS, the states of polarization of both the incident field and the fields 
near the focal plane are fully controlled at will, which allows us to efficiently 
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investigate the focusing properties of incident field of different polarizations.  
 
 
Figure 4.8 The field intensity distributions at the focal plane when focusing linear 
(a-c), circularly (d-f), and radially (g-i) polarized light with high-NA lens. Et, Ez and E 
represent the transverse, longitudinal and total field, respectively. Unit: λ.  
 
When light with different polarizations is focused, it is known that the intensity 
distribution profiles of the longitudinal and transverse components in the focal plane 
are different with each other. For linearly polarized light, the intensity distribution of 
the longitudinal component Ez near the focal plane is two separate lobes, which 
primarily causes an asymmetric deformation of the focal spot, as shown in Figs. 
4.8(a)-4.8(c). For a circularly polarized light, Ez is donut-shaped while the transverse 
component Et is a hotpot, as depicted in Figs. 4.8(d)-4.8(f). In contrast, when radially 
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polarized CV beam is tightly focused as illustrated in Figs. 4.8(g)-4.8(i), the intensity 
distribution of Ez is a spot with superb rotational symmetry centered at the optical axis, 
while Er is ring-shaped. Generally speaking, when the light of different polarizations 
is focused with clear apertures, the transverse component at the center is always 
strong because the incident beam near the optical axis is slightly tilted, thus making 
the FWHM of the center spot larger. With center-blocked planar lens, however, the 
transverse component can be remarkably weakened. The FWHM of the spot can be 
smaller due to the reason that the longitudinal component is slightly affected and may 
be several orders stronger than the transverse component.  
Conventionally, strong and subwavelength longitudinal electric field is realized 
by high-NA lens together with circular or angular aperture [69, 88]. It can be also 
created by lens-assisted and phase-controlled binary optics [17]. Figure 4.9 depicts 
schematically how reflection and refraction may be appropriately employed to obtain 
longitudinally polarized light, utilizing binary optics and high-NA lens. However, 
those schemes [17, 69, 88] are quite volumetric and thereby difficult to be embedded 
into contemporary imaging systems consisting of highly integrated components. On 
the contrary, the diffraction-based lens in Fig. 4.9b only relies on planarized ultrathin 
concentric rings, thus empowering easy and high-level integration with existing 
modern complex imaging systems.  
 
 





Figure 4.9 (a) schematics of reflection-based lens. (b) Schematics of planar 
diffraction-based lens. (c) VRS-computed longitudinal field intensity distributions at 
observation plane 10.32 μm from exit side of film. (d) FDTD-computed longitudinal 
field intensity distributions at observation plane 10.32 μm from exit side of film.  
 
In this study, we propose to optimize the flat lens by using VRS integrals in 
conjunction with binary particle swarm optimization (BPSO) [98], which is a 
nature-inspired evolutionary algorithm for stochastic optimization in which the swarm 
consists of a certain number of particles that move in the N-dimensional searching 
space to find the global optimum. In fact, an optimal design is a compromise between 
different parameters. Figure 4.10 shows the parameters of interest in the lens design. 
It is easy to understand that hotspot with smaller size may lead to image with higher 
resolution. Image with high quality can be obtained by using focal spot with large 
field of view (FOV), low intensity in sideband and small noise level. Moreover, the 
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polarization of focal beam near the focus design [10, 97]. It has been reported that 
light with a strong longitudinal electric field tends to create ablation crater at the focal 
region and suppress the crack produced by transverse component, thus helping to 
generate smooth interface in material processing [82, 83]. Nevertheless, the DOF 
which measures the tolerance of placement of the image plane in relation to the lens is 
also one of the parameters of great importance in the design. Theoretically, the trick to 
keep away from high sideband and noise level is to avoid the occurrence of the 
super-oscillation [45, 46] which will be discussed in Section 4.5. However, the 
optimal lens with FWHM and DOF satisfying the design requirements should be 
optimized and globally searched with VRS and BPSO. We will introduce how to 
design planar lens for subwavelength longitudinal spot and needle separately in the 
following sections.  
 
 
Figure 4.10 The field intensity distributions of respective components at the focal 
plane along the lateral direction.  
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4.4.1 Creation of longitudinally polarized hotspot  
Firstly, ultrathin planar lens for generating longitudinally polarized hotspot with 
DOF of approximately one wavelength is introduced. To design such a lens, the 
optical mask is divided into 29 concentric annuli with either zero or unit transmittance, 
corresponding to metal or air. BPSO [98] is adopted and facilitated drastically by VRS 
to search for the optimal parameters globally. The objective is to find optimal radii for 
creating strong and subwavelength longitudinally polarized hotspot while maintaining 
low side lobes (huge side lobe is generally inevitable in super-oscillatory lens [46, 
45]). Listed in Table 1 are the optimal diameters and widths of 29 rings, with the 
outermost ring having a diameter of 59.4 μm. Radially polarized light with 
wavelength λ=632.8 nm is incident, with the imaging plane at 10.32 μm away from 
the exit side of the ultrathin film. Along the lateral direction, we observe similar 
profiles from both VRS and FDTD, with well-matched hotspots. The FWHM of the 
longitudinal component is calculated as FWHM=0.39λ in air. Note that such 
subwavelength hotspot is focused in true far-field without resorting to evanescent 
waves limited in near field only. 
For the longitudinal electric-field intensity profiles in the focal plane, we note 
from Figs. 4.9(c) and 4.9(d) that the intensity in the central hotspot is obviously much 
larger than that of the side lobes. This is very important for practical imaging 
applications. It is markedly distinguished from the super-oscillatory lens introduced in 
[46] where a hotspot with FWHM=0.29λ is produced in oil (i.e., solid immersion 
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lens). Considering the refractive index of oil and center-to-center distance (~250 nm) 
in the double-slit experiment [46], it implies that the resolution reported in [46] is 
merely at diffraction limit inside oil, not to mention that the magnitude of side lobe is 
adversely higher than the central spot. It thus suffers from being useful in imaging any 
object touching the regions of side lobes, though there is a very sharp spot in the 
center. It should be pointed out that hotspot with infinitely small FWHM could be 
achieved in principle by selecting a different optimization objective. However, it will 
again fall into super-oscillatory lens [46] and most energy will be distributed into the 
side lobes.  
 




















1  0.15 0.8 11 10.55 11.2 21 22 22.65 
2  1.3 1.95 12 11.9 12.55 22 23.05 23.7 
3  2.45 3.1 13 13.2 13.85 23 24 24.65 
4  3.3 3.95 14 14.15 14.8 24 24.95 25.6 
5 4.25 4.9 15 15.25 15.9 25 26 26.65 
6  5.35 6 16 16.2 16.85 26 26.8 27.45 
7 6.2 6.85 17 17.6 18.25 27 27.55 28.2 
8 7 7.65 18 19.05 19.7 28 28.25 28.9 
9 8.35 9 19 19.8 20.45 29 29.05 29.7 
10 9.65 10.3 20 21.15 21.8    
 
Therefore, it is more physical and meaningful to set the objective function such 
that the side lobe is much lower than the central intensity. In this connection, the 
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design parameters are optimized, so that most energy is distributed in the 
subwavelength hotspot with strong longitudinally polarized component as observed in 
Fig. 4.11(a). The advantages over using 3D FDTD in the optimization of such 
diffraction-based lens are evident in terms of computational time and memory 
requirement. In Fig. 4.11(a), the plots for transversal and longitudinal field 
components generated by proposed VRS agree well with those by numerical results 
based on FDTD, but at a significantly reduced cost making robust and efficient 
optimization attainable in turn. In addition, we note from Fig. 4.11(b) that the 
longitudinal component of the hotspot is dominant in the focal plane.  
 
  
Figure 4.11 (a) longitudinal electric-field intensity distributions along lateral 
dimension at observation plane. (b) electric-field intensity profile of radial, 
longitudinal and total field along lateral dimension at observation plane.  
 
For our FDTD example, a single simulation experiment required about 4 hours 
of intensive computations on a DELL Precision T7600 (2×Intel Xeon E5-2687w, 256 
GB RAM, 3.1 GHz) with the mesh size set at 20 nm × 20 nm × 20 nm. In contrast, 
using VRS allows us to simplify the 3D problem conveniently into a 2D problem 
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along the plane perpendicular to the source plane or even a 1D problem along the 
optical axis due to axial symmetry; under such circumstances, the task took only 
several minutes on any common computer (Intel Core2 Duo, 8 GB RAM, 3.16 GHz). 
Furthermore, VRS permits us to focus the simulations on a small region of particular 
interest (such as a region with size of 1 μm × 1 μm). To ease the computational 
difficulties in designing and optimizing a diffraction-based lens, the radial coordinate 
should be divided into N concentric annuli with either unit or zero transmittance; VRS 
together with BPSO may be readily adopted to optimize any flat masks. Such a 
process can be effectively employed to design lenses meeting optimization objectives 
such as low noise level, broad field of view and small hotspot size. 
4.4.2 Creation of longitudinally polarized needle 
It has already been demonstrated in the previous section that subwavelength 
hotpot with DOF comparable to wavelength can be created with the planar lens with 
parameters shown in the Table 4.1. However, it should be addressed that the facility of 
the optical lens is determined by the tolerance of placement of the image plane in 
relation to the lens, namely the DOF. For example, it is extremely difficult to precisely 
position the wafer or the detector into the center of the hotpot when its DOF is short, 
such as in case of a hotspot with DOF less than one wavelength. Thus, it is highly 
desired to achieve light beam with long DOF in real applications, which allows 
precisely and conveniently positioning of objects into the center of the focal beam.  
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In addition to the DOF, the FWHM of the light at the focal plane is also a vital 
parameter which has to be taken into consideration in the design. Generally, circularly 
polarized light tends to create smallest focal spot in focusing systems only when NA 
is below 0.8 [69, 99]. When NA is larger than 0.8, people usually refer to CV beams 
for smaller focal spot. Moreover, light beam with FWHM of 0.4λ-0.8λ can be 
generated by applying phase or amplitude modulation together with high-NA lens [17, 
100-102]. Theoretically, the hotspot size can be infinitely small with super oscillatory 
lens, but it is realized at the cost of extraordinarily strong side lobes and less 
longitudinal component. In principle, the spot size of focused CV beams is 
determined by the NA, working wavelength λ and superposition of Bessel functions 
[45, 99]. More specifically, the limit of focused BG beams is represented by the 
criterion 0.36λ/NA which was found by Lord Rayleigh in 1872, as the distribution is 
similar to J02(k·ΝΑ·r) [103]. To the best of our knowledge, the FWHM of the smallest 
spot without outstanding side lobes achieved in air ambient is about 0.36λ, where high 
NA is used [88]. It is known that strong longitudinal component arises in the focal 
plane when the light is tightly focused. However, although intensive attention has 
been paid to investigate how to increase the longitudinal component at the focus [17, 
104], it remains a challenge to achieve purely longitudinally polarized beam with 
FWHM reaching the criterion 0.36λ/NA while maintaining long DOF as well as low 
side lobes.  
In this section, the design and optimization of flat lens for the generation of 
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purely longitudinally polarized needle with FWHM reaching the limit of the criterion 
0.36λ/NA will be introduced. Figure 4.12(a) presents the schematic illustration of the 
mechanism of our proposal. Intuitively, the radially polarized light beam with 
wavelength 532 nm is incident from the left hand side to the right hand side. The 
incident beam, which is firstly modulated by the mask, constructively interferes with 
each other and is finally focused into a subwavelength needle at a distance tens of 
wavelengths away from the mask. The spatial intensity distribution and polarization 
status of the incident light are also depicted in Fig. 4.12(b), where a radially polarized 
BG beam is displayed. According to Eq. (2.7), the spatial amplitude distribution of 
radially polarized BG beam is mathematically represented by A=exp[-r2/w02]·J1(βr), 
where β and w0 are constant that determine the spatial profile of the beam, and J1 is 
the first-order Bessel function of the first kind. Initially, β and w0 are chosen as 
β=0.008 μm-1 and w0=600 μm in our configuration. However, in the practical design, 
it should be noticed that β and w0 can be conveniently determined according to the 
pattern of the incident field at the pupil so that the optimized mask could interfere 
constructively at the focus.  
Following similar scheme used in the design of lens for the longitudinal spot, the 
ultrathin mask is divided into 30 concentric annuli with either null or unit 
transmittance. The radii of these angular rings are optimized with BPSO and VRS 
method. The objective is to find optimal radii for the creation of subwavelength 
longitudinally polarized needle while maintaining low side lobes. One of the optimal 
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designs is given in Table 4.2.  
 
 
Figure 4.12 (a) Schematic illustration of the mechanism to generate longitudinally 
polarized needle. (b) The instantaneous polarization status and intensity distributions 
of the incident light.  
 
Table 4.2. Inner and outer radii of transparent angular regions in proposed ultra-thin 



















1  13.98 14.68 11 137.88 138.58 21 249.15 249.85 
2  24.11 24.81 12 146.75 147.45 22 255.14 255.84 
3  35.50 36.20 13 162.76 163.46 23 268.15 268.85 
4  42.26 42.96 14 171.84 172.54 24 279.99 280.69 
5 57.16 57.86 15 190.11 190.81 25 295.96 296.66 
6  66.87 67.57 16 197.90 198.60 26 308.83 309.53 
7 84.86 85.56 17 207.52 208.22 27 325.39 326.09 
8 98.34 99.04 18 218.25 218.95 28 336.91 337.61 
9 113.75 114.45 19 225.32 226.02 29 347.11 347.81 
10 125.29 125.99 20 233.19 233.89 30 356.64 357.34 
 
To characterize the focusing performance of the optimized planar lens, Figure 
4.13 shows the intensity distributions of the total field, the longitudinal and transverse 
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components. For comparison, they are all normalized to the maximum intensity of the 
total field. The DOF of the needle is estimated to be approximately 14λ, with uniform 
field distribution in axial direction. It can be found from Figs. 4.13(b) and 4.13(c) that 
the longitudinal electric field intensity is dominant, whereas the transverse component 
is negligible. The FWHM of the needle along the propagating direction is calculated 
to be 0.36λ as depicted in Fig. 4.13(d). Theoretically, it is possible to get smaller spot 
by increasing NA (characterized by the relation NA=n·sinθ, where n is the refraction 
index of the medium and θ is the aperture angle). However, it is practically 
constrained by the fact that the transmitted field becomes evanescent wave which 
attenuates exponentially when NA>1 in immersion systems [99, 105, 106]. Moreover, 
although hybrid lens systems with amplitude or phase modulators could focus beam 
with long DOF, the FWHM is usually above 0.4λ [17, 100-102]. Recently, 
implementation of Veselago negative index superlens in ultraviolet has been 
experimentally realized [106]. However, the simulated resolution limit beyond the 
near field is theoretically estimated to be merely 0.52λ (minimum FWHM at working 
wavelength 363.8 nm) in air ambient [106]. It should be also pointed out the lens in 
[106] is realized with superb nanofabrication fitness.  
In order to further investigate the properties of this longitudinal needle, the 
cross-section of the total field distribution at the focal plane along the radial direction 
is plotted in Fig. 4.14. Although the data is sampled at z=21λ, it should be noticed that 
similar results can be obtained at any position along the optical axis. As shown in Fig. 
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4.14, the intensity of the side lobes decreases rapidly when moving away from the 
optical axis. In order to compare the FWHM of this needle with the criterion 
0.36λ/NA [88, 99], Figure 4.14 also plots the intensity profile of zero-order Bessel 
function of the first kind. It is evident the total field matches well with the criterion in  
 
 
Figure 4.13 Properties of a longitudinally polarized beam with high uniformity. (a) 
Total field distribution along the x-z plane. The length of the needle is about 14λ. The 
field distributions of (b) longitudinal and (c) radial components along the x-z plane, 
respectively. (d) FWHM of the needle along the optical axis.   
 
case of NA=1, which implies that our lens can generate longitudinally polarized 
needle reaching the limit of the criterion. Moreover, the total field, radial, and 
longitudinal components along the lateral direction are also illustrated in the inset in 
Fig. 4.14. The longitudinal electric field intensity is found to be two orders higher 
than the radial component, ensuring that the beam is purely longitudinally polarized 
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beam. The results shown here are distinct from the field distribution in 
super-oscillatory lens where super-oscillatory spot is always accompanied by 
pronounced sidebands and usually has small FOV. To our knowledge, this is the 
smallest needle that can be produced while maintaining low sidebands. If the focal 
spot becomes smaller, prominent side lobes will arise due to the occurrence of 
super-oscillation. In the next section, a novel method will be introduced to design 
super-oscillatory lens so that the FWHM and FOV of the super-oscillatory spot can be 
readily controlled for feasible applications.  
 
 
Figure 4.14 Cross-section of the total field distribution at the focal plane, where inset 
shows the field intensity of total, radial and longitudinal components. The profile of 
zero-order Bessel function of the first kind is also plotted.  
 
4.5 Design of arbitrary super-oscillatory lens 
In the previous section, we have introduced that the smallest FWHM of the 
needle light or spot without prominent side lobes is approximately 0.36λ. Strong 
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energy is distributed in the sidebands if the FWHM is smaller than 0.36λ, and the lens 
becomes super-oscillatory lens. To differentiate between the super-resolution and 
super-oscillation in optical focusing, in this section, an explicit definition of 
super-oscillatory spot will be provided. Moreover, to achieve the customized intensity 
pattern, we suggest a mathematical method by solving a nonlinear matrix equation to 
design a super-oscillatory mask. Based on the mathematical method, both amplitude 
and phase masks are demonstrated to lead to arbitrary super-oscillatory lens which has 
full control of the FWHM of the spot. The inevitably strong side lobe can be pushed 
away from the central subwavelength spot by any desired distance, resulting in 
significantly enlarged FOV for viable imaging applications.  
4.5.1 Definition of super-oscillatory spot  
The super-oscillatory spot has been widely investigated in optical focusing and 
imaging [45, 46, 107, 108]. However, none provides a clear demonstration that how 
small a spot is so that it can be considered as a super-oscillatory spot. To our 
knowledge, the Rayleigh criterion (rR=0.61λ/NA) is mostly used to judge a 
super-oscillatory spot in optical focusing [109]. However, it is a very rough method 
because no definition of super-oscillation is involved. In optics, a relevant and natural 
definition of super-oscillation by measuring the changing rate of the phase of a 
band-limited function in a local region has been proposed [110, 111]. Especially for 
the case of the 1-dimension (or axisymmetric) band-limited function, i.e. the zone 
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plate and a binary-phase-based lens, Berry has proposed a practical method by 
measuring the local wavenumber, k(r)=Im{∂r[lnF(r)]} where F(r) is the band-limited 
function [111]. Therefore, the definition of local wavenumber by Berry is preferred in 
optical focusing. However, when we use Berry’s suggestion to evaluate the local 
wavenumber of a super-oscillatory band-limited function in Fig. 4.15(a), the 
calculated wavenumber in Fig. 4.15(b) is larger than the wavenumber of its maximum 
Fourier component only when the band-limited function has the zero intensity. This 
means that although the band-limited function indeed oscillates faster in the whole 
region -0.8λ≤x≤ 0.8λ than its maximum Fourier component, Berry’s suggestion only 
predicts the super-oscillation at the zero-intensity position. It is worthy to point out 
that Berry’s suggestion gives the wavenumber at a certain position but not in a region 
so that Fig. 4.15(b) shows the large wavenumber only at the zero-intensity position. 
Therefore, in optical focusing, it is better to define the super-oscillatory spot by 
measuring the phase changing rate in a certain region.  
In optical focusing, we constrain the definition of a super-oscillatory spot on 
three conditions: 1) The optical system is axisymmetric so that a circular spot could 
be generated. 2) The super-oscillatory spot must oscillate faster in a certain region of 
target plane than its maximum Fourier frequency component. 3) “A certain region” is 
located at r≤rS, where rS is the first zero-intensity position of electric field at the target 
plane by focusing the light only from the maximum Fourier frequency component. 
The reason of choosing the region r≤rS is to exclude the case shown by the black 
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curve in Fig. 4.15(c), which has the fast super-oscillation at r≥rS while its spot size is  
 
 
Figure 4.15 Super-oscillatory criterion in optical focusing. (a) The amplitude profiles 
of a super-oscillatory band-limited function with its zero-intensity position at x=±
0.2λ (red) and its maximum spatial frequency component (blue). The band-limited 
function is the electric field at the focal plane by using the binary-phase-based 
0.95NA lens with the solved sinθn=[0, 0.3435, 0.6523, 0.8744, 0.95]. This 
super-oscillatory band-limited function obviously oscillates faster in the region -0.8λ≤ 
x≤ 0.8λ than its maximum spatial frequency. (b) The local wavenumber of the 
band-limited function in (a) by using Berry’s suggestion. (c) The amplitude profiles of 
various cases: the first zero-intensity position located in color region (red) and outside 
color region (black). The blue curve shows the amplitude of the maximum spatial 
frequency. (d) The spot size in different NA, which equals the sine (sinα) of the angle 
between optical axis and the maximum convergent ray in free space. The two curves, 
that are the Rayleigh (black) and super-oscillation (white) criterions, divide the 
focusing spot into three parts: Sub-resolved (orange), Super-resolution (cyan) and 
Super-oscillation (dark-blue).  
 
large. In this region r≤rS, the maximum Fourier frequency component only oscillates 
for one time without changing its phase, which is shown by the blue curve in Fig. 
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4.15(c). If a spot oscillates faster in r≤rS, this leads to the generation of the intensity 
valley, where the high local wavenumber is located [111]. Thus, we can define a 
super-oscillatory spot in optical focusing as: a spot is super-oscillatory when its local 
wavenumber that is larger than the wavenumber of maximum Fourier frequency is 
located in the region r≤rS. In that case, a spot with its zero-intensity located in r≤rS is 
super-oscillatory, which is shown by red curves in Fig. 4.15(a) and (c). This means 
that a super-oscillatory spot has a smaller size than that (rS) by only focusing its 
maximum spatial frequency, which implies that rS can be taken as the 
super-oscillatory criterion. When the light with a single spatial frequency of sinα/λ (α 
is the angle between the optical axis and the maximum convergent ray) is focused, its 
electric field at the target plane is proportional to the zero-order Bessel function 
J0(2πrsinα/λ) of the first kind, which gives rS =0.38λ/sinα (This matches with 
0.36λ/NA where the FWHM of spot is used, while 0.38λ/NA is the width of the spot 
which is measured at the first zero-intensity position of electric field). The 
super-oscillatory criterion rS has a similar shape with the Rayleigh criterion rR. Figure 
4.15(d) shows the spot size in different NA that is usually in terms of sinα in free 
space. For a given NA, the spot in all the cyan and dark-blue areas below the Rayleigh 
criterion (black curve) can be called as the super-resolution spot, while the spot in the 
dark-blue area below the super-oscillation criterion (white curve) is the 
super-oscillation spot, which means that the super-oscillation spot is one 
sub-aggregate of the super-resolution spot. The finely distinguished roadmap in Fig. 
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4.15(d) provides an instructive guide that, the cyan area between the Rayleigh and 
super-oscillation criterion is the best choice when one pursues a super-resolution 
focusing spot without high side lobe beyond the evanescent range. More importantly, 
rS implies a limitation of 0.38λ for the application of refusing the spot with the high 
side lobe, which has been introduced in the previous sections. 
4.5.2 Method to design arbitrary super-oscillatory lens 
It is well known that the super-oscillation in optics is one kind of destructive 
interference of light with different frequencies at some points at small intervals by 
matching the amplitude of every frequency [112]. This implies that, one can control 
the optical super oscillation by choosing the suitable amplitude and frequency of light 
for the destructive interference at the prescribed position, which is a prototype inverse 
problem. We find that this inverse problem in some realistic optical devices, e.g., a 
zone-plate lens (amplitude mask) or a binary-phase lens system (phase mask), can be 
described by a nonlinear matrix equation. Solving that can obtain a customized 
super-oscillatory pattern or control the super-oscillation optionally. In contrast to 
using optimization for designing multiple rings which was studied in Section 4.4, the 
unveiled fundamental physics behind the matrix enables us to analytically design 
super-focusing central spot and push the high side lobe away from the center for 
several wavelengths. 
First of all, let us consider the diffraction of light by a single belt with its 
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geometry of radius r0 and width Δr, as shown in Fig. 4.16(a). In order to evaluate the 
focusing properties of a single belt, we use the root-mean-square error (RMSE) 
between its diffracting intensity at the target plane and its corresponding zero-order 
Bessel function of |J0(krsinα0)|2 with the same sinα0 (=r0/(r02+z2)1/2).  
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where N is the number of the sampling points in position r. Figure 4.16(b) shows the 
relationship between RMSE and the geometry (in terms of width Δr and radius r0) of a 
single belt. The light from a belt has different intensity profiles at the target plane 
when the geometry of the transparent belt in Fig. 4.16(a) changes. Only the light 
passing through the belt with its geometry located in the color region of Fig. 4.16(b) 
has a better focusing pattern with small RMSE, which can be approximated as a 
zero-order Bessel function of the first kind as shown in Fig. 4.16(c) at the target plane. 
However, the intensity profile for the case of A in Fig. 4.16(d) might destroy the total 
intensity of the super-oscillatory focusing for subwavelength spot due to its bad 
focusing property at r=0 and the incompletely destructive interference at its first 
valley. Evidently, if RMSE is rather small, the diffraction of light by a single belt with 
its geometry of radius r0 and width Δr can be approximated by the zero-order Bessel 
function. Furthermore, a series of zero-order Bessel functions can be employed to 
roughly describe the diffraction of light by zone-plate lens with lots of belts. If we 
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control the optical super-oscillation by choosing the suitable amplitude and frequency  
 
 
Figure 4.16 The single belt’s diffraction at the plane z=20λ. (a) The optical system 
describing the diffraction of a single belt with its width Δr and radius r0. (b) The 
dependence of RMSE on the width Δr and radius r0 (or sinα). The smaller the RMSE, 
the better the approximation between the intensity profile at the target plane and its 
zero-order Bessel function |J0(krsinα)|2 with the same sinα (=r0/(r02+z2)1/2). We just 
show the cases with small RMSE located in color region. The geometry parameters of 
the single belt are (sinα, Δr)A=(0.6, 1.7λ) at A and (sinα, Δr)A=(0.6, 0.5λ) at B. (c-d) 
The 1-dimension intensity profiles (red) of light passing through the belt with its 
parameters at position A (c) and position B (d) and their corresponding Bessel 
functions with the same sinα (blue). The intensity profile in (c) shows an excellent 
coincidence with the Bessel function so that it is hard to distinguish them. (e) The 
dependence of the amplitude-modulation coefficient |Cn| in Eq. (1) on the width Δr 
and radius r0 (or sinα).  
 
of light for the destructive interference at the prescribed position, a prototype inverse 
problem which can be described by a nonlinear matrix equation is formed. By solving 
4. SUPER FOCUSING WITH BINARY LENS  
100 
 
this inverse problem, geometry parameters of realistic optical devices can be obtained. 
We will introduce how to solve the inverse problem in cases of super-oscillatory lens 
using amplitude and phase masks separately in following sections.  
4.5.3 Super-oscillatory lens using amplitude masks 
Some attempts based on the inverse of matrix have been made to construct a 
super-oscillatory pattern and diffraction-free beam [112-114]. However, they are only 
constrained to the case that the unknown amplitude-modulation coefficients is 
independent on the spatial frequency. For the zone-plate lens, the 
amplitude-modulation coefficient from every spatial frequency has a tight relationship, 
shown in Fig. 4.16(e), with the geometry of the transparent belt in zone-plate lens, 
which makes the designing of super-oscillatory zone-plate lens challenging. Here, we 
develop this method further to design a super-oscillatory mask with customized 
patterns in realistic optical system. For simplicity, we assume that the illuminated 
light of the mask is an unpolarized plane wave with uniform distribution.  
According to the Rayleigh-Sommerfeld diffraction integral as shown by Eq. (4.9), 
for an unpolarized incident beam passing through the unobstructed belt with radius Rn 
and width Δr in Fig. 4.17(a), its electric field at the target plane beyond the evanescent 
region is  


























,                (4.19) 
where R2=z2+r2+ρ2-2rρcos(θ-φ), the complex amplitude u(ρ,φ) of incident beam is 
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taken as unit for the uniform illumination here. The electric field mainly depends on 
the Rn, Δr and z. We define the amplitude-modulation coefficient Cn=Un(0) and the 
normalized amplitude An(r)=Un(r)/Cn. Figure 4.17(b) shows the RMSE between    
|An(r)|2 and its corresponding zero-order Bessel function of |J0(krsinαn)|2 with the 
same sinαn (=Rn/(Rn2+z2)1/2). In Fig. 4.17(c), one can see that |Cn| has a strong 
dependence on the width Δr and the spatial frequency designated as sinα/λ. Then, the 
total electric field of light passing through a zone-plate lens containing N belts can be 
expressed as 







.                    (4.20) 
    To realize the intensity F=[f1, f2,.., fM ]T at the position r=[r1, r2,…, rM]T in the 
target plane, we can describe this problem as 
                               SC=F,                           (4.21) 
where S is an M×N matrix with its matrix element Smn=An(rm) according to Eq. (4.20) 
and C=[C1,C2,...,CN]T, where the sign T means the transpose of matrix. The solution 
of Eq. (4.21) exists if M≤N. Here, we just consider the case M=N for which Eq. (4.21) 
has the only solution. Because the Smn and Cn are dependent on the unknown Rn (or 
sinαn) when the width Δr and z are fixed, it is a nonlinear problem to solve the matrix 
equation for Rn. Although in general, Eq. (4.21) has no analytical solution like the 
cases in [112, 114], its numerical solution can be easily obtained by using the 
well-developed Newton’s theory, which has been widely used to deal with the 
nonlinear problem in many areas [115, 116]. Newton’s theory for nonlinear problem 
solves the Eq. (4.21) on the basis of the exact solution of its sub-problem [116], which 
makes it a powerful tool to efficiently approach the exact solution without any 
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search-based optimizing algorithm. Thus, the method described in Eq. (4.21) provides 
a very useful way to design a super-oscillatory zone plate despite that the solution is 
numerically approximated.  
 
 
Figure 4.17 Generation of super-oscillatory focusing with the sidelobe away from the 
center by using zone plate. (a)The sketch of focusing light beyond the evanescent 
region by using the zone plate. The n-th belt in the zone plate has the radius of Rn and 
width Δd. (b) The constructed optical super-oscillatory pattern with the prescribed 
position r=[0, 0.33λ, 0.84λ, 1.29λ, 1.73λ] and the customized intensity F=[1, 0, 0, 0, 0] 
at r. Inset: the solved Rn of every belt with fixed Δr =0.3λ. (c) The modulus (dot) and 
phase (circle) of amplitude-modulated coefficient Cn in the solved zone plate of (b). 
(d-e) The phase (d) and intensity (e) profiles of a belt with its width Δr=0.3λ and the 
changing radius Rn.  
 
To verify the validity of our method, we show a constructed super-oscillatory 
spot with size of about 0.5rR (rR is the Rayleigh limitation) and its side lobe about 
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1.8λ away from the center by using a flat lens, shown in Fig. 4.17(a), which is 
designed by our method. In order to realize the goal of pushing away the side lobe, we 
pad the zero intensity at the locations between the side lobe and the center to suppress 
the high side lobe near the center. The customized position r with zero intensity must 
be carefully chosen for rejecting the generating of any high intensity between the high 
side lobe and the center when solving Eq. (4.21). Therefore, we choose F=[1, 0, 0, 0, 
0] T at r=[0, 0.33λ, 0.84λ, 1.29λ, 1.73λ] T for achieving a super-oscillatory spot with 
the size of 0.5rR (0.33λ) and its side lobe about 2λ away from the center in Fig. 
4.17(b). In the customized F and r, f1=1, f2=0 and r1=0.33λ are used to define the 
super-oscillatory spot and the rest is responsible for suppressing the side lobe between 
the main spot and the high side lobe. According to the result in Fig. 4.16(b), we 
assume that the width Δr of every belt has the same size of 0.3λ and the target plane is 
located in z=20λ in the simulation for removing the case of A in Fig. 4.16(d). To 
obtain the unknown Rn of every belt, we solve its inverse problem described in Eq. 
(4.21) by using the trust-region dogleg Newton theory (refer to Appendix A) [116]. 
The solved Rn is shown in the inset of Fig. 4.17(b) and their corresponding 
sinαn=[0.1387, 0.2576, 0.5643, 0.6638, 0.9548].  
Conventionally, in order to obtain a super-small focused spot, one always prefers 
to focus the light of high spatial frequency with a large amplitude, which leads to a 
small size spot dominated at the target plane, and make the light from different spatial 
frequencies interfere constructively, which enhances the focused spot. However, in a 
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super-oscillatory focusing, we here show an abnormal phenomenon that the maximum 
amplitude (|Cn|) is located in the frequency with the intermediate value. This 
counterintuitive requirement for obtaining a small spot by super-oscillation mainly 
depends on the fact that the super-oscillation always oscillates with small amplitude 
that can be considered as the almost destructive interference [112]. The destructive 
interference in the super-oscillation is also reflected by the phase of Cn that is shown 
in Fig. 4.17(c). The phase difference between two neighboring belts in the designed 
zone-plate lens is nearly π, which implies that the destructive interference is 
essentially required for realizing the super-oscillation pattern in Fig. 4.17(b). Thus, we 
can claim that the amplitude-modulated coefficient Cn has the alternating sign of (-1)n 
with its modulus small for low and high spatial frequency and large for the 
intermediate frequency, which is further confirmed by the case of focusing the light 
with rigorous single spatial frequencies. Nevertheless, this conclusion indicates that 
the amplitude mask is not ideal to realize a super-oscillatory spot in Fig. 4.17(b). 
Although the belt in the zone-plate lens shows excellent focusing property in a long 
range of Rn shown in Fig. 4.17(e), the phase of Cn, that is the case of r=0 in Fig. 
4.17(d), varies from 0 to 2π quasi-periodically with the increase of Rn. As a result, 
much effort must be made to obtain the phase difference of π for the alternating sign 
of Cn. Therefore, the zone-plate lens may not be the best candidate to achieve a 
super-oscillatory spot with its high side lobe away although we can use it to realize 
the super-oscillatory spot in Fig. 4.17(b).  
4. SUPER FOCUSING WITH BINARY LENS  
105 
 
4.5.4 Super-oscillatory lens using phase masks 
Considering the difficulty of phase match from planar lens, we suggest another 
optical system containing a binary phase and a high-NA lens in Fig. 4.18(a) to realize 
the super-oscillatory subwavelength focusing. The binary element with the phase 0 or 
π located in the entrance pupil of the focusing lens provides the phase difference of π 
for the generation of super-oscillation in focusing [17, 101]. In the uniform 
illumination of an unpolarized beam, the electric field at the focal plane can be 
approximated by Debye theory [7, 117] 
     
( ) ( ) ( )






























,   (4.22) 
where P(θ) is the apodization function that equals p(θ)·cos(θ)1/2 for the lens obeying 
the sine condition [7, 33], p(θ) is the entrance pupil function that is (-1)n for the 
uniform illumination with the modulation of binary phase. The relationship between 
Rn and θn (n=0, 1, 2, …, N with θ0=0, θN=α) is Rn/f=sinθn for the sine lens used here, 
where f is the focal length of focusing lens. We define the amplitude modulation 
coefficient Cn=(-1)nUn(0) and An (r)=Un(r)/Un(0). Similarly, the inverse problem of 
constructing the super-oscillation using the optical system in Fig. 4.18(a) can also be 
expressed by Eq. (4.21) with the unknown variable Rn (or sinθn). The amplitude 
modulation coefficient Cn with the alternating sign of (-1)n makes it easier to solve the 
inverse problem for generating the super-oscillatory focusing. Figure 4.18(b) shows a 
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constructed super-oscillatory spot with size of about 0.5rR (0.34λ) and the high side 
lobe about 15λ away from the center by using a 0.95 NA lens whose radii are depicted 
in Table 4.3. 
 
Table 4.3. Radii of designed binary phase in Fig. 4.18(b) 
n  sinθn   n  sinθn  n sinθn 
1  0.0317 11 0.3576 21 0.6796 
2  0.0635 12 0.3899 22 0.7113 
3  0.0955 13 0.4222 23 0.7435 
4  0.1291 14 0.4544 24 0.7742 
5 0.1614 15 0.4870 25 0.8063 
6  0.1941 16 0.5196 26 0.8357 
7 0.2271 17 0.5517 27 0.8676 
8 0.2602 18 0.5835 28 0.8949 
9 0.2928 19 0.6154 29 0.9244 
10 0.3247 20 0.6470 30 0.9500 
 
This super-oscillatory spot is obtained by padding 29 zero-intensity positions 
between the main spot and the side lobe when solving its inverse problem with 30 
variables. Compared with the result in Fig. 4.17(b) by using flat lens, the spot in Fig. 
4.18(b) almost keeps the same size while the distance between its high side lobe and 
center is nearly 10 times of that in Fig. 4.17(b), which mainly benefits from the binary 
phase (with phase difference of π) for destructive interference. We can enlarge the 
distance further by padding more zero-intensity position between the high side lobe 
and the center. Figure 4.18(c) shows the structure of the designed binary phase by our 
method. The width Δrn (=Rn-Rn-1) of belts in the binary phase tends to be diminishing 
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at the outmost belts relative with the high spatial frequency. However, for a sine lens,  
 
 
Figure 4.18 Generation of super-oscillatory focusing with the sidelobe away from the 
center by using a binary phase and a lens. (a) The sketch of focusing a binary-phase 
modulated beam by a lens. The binary element has the phase of 0 and π, whose 
boundary is the circle with radius of Rn (n=1,2,…,N). The lens has the NA of sinα, 
where α is the maximum convergent angle. (b) A super-oscillatory spot with size of 
0.34λ and its side lobe about 15λ away from the center by solving its inverse problem. 
Inset: 2-dimention intensity profiles in the range r≤λ. The specific radii of individual 
dielectric grooves are given in Supplementary Materials. (c) Width Δrn (blue dot) of 
every belt and its corresponding angle width Δθn (red star) in the designed binary 
phase. Inset: 3-dimention phase profile of this binary phase plate. (d) Modulus (solid 
circle) and phase (hollow circle) of amplitude-modulated coefficient Cn. 
 
the corresponding angle width Δθn (=θn-θn-1) of every belt is increasing so that the 
amplitude modulation |Cn| shows the monotonically increasing tendency from the low 
spatial frequency to the high in Fig. 4.18(d), which is different from the case in Fig. 
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4.17(c). This is mainly attributed to the fact that every belt of binary phase 
corresponds to the spectrum (from sinθn-1/λ to sinθn/λ) of spatial frequency not a 
quasi-single spatial frequency that occurs in zone-plate lens.  
4.6 Summary 
In summary, the VRS method has been derived and studied for analysis of 
diffraction problems by apertures. We have found that the planar diffraction-based 
lens may be used to generate a subwavelength spot or needle light with strong or 
purely longitudinal electric component. Consisting of concentric annuli, a planar 
diffraction-based lens can be readily designed and optimized by use of VRS integrals 
and BPSO. The validity of our proposed approach to analyze aperture diffraction 
problems has been affirmed by comparison with the numerical results obtained by 
commercially-available FDTD software in all cases of investigation for various and 
complex polarization states. Due to the significant advantages of VRS over 3D FDTD 
(accuracy, reliability, and computational cost), this research unveils the potentials of 
more efficient design and optimization of flat lens for far-field super-resolution spot 
with full polarization control, where the 3D problem could be conveniently simplified 
into 2D or even 1D problem along the optical axis. As the planar lens offers 
substantial advantages over conventional focusing systems, such as ultrathin, planar, 
and requires no extra high-NA objective, it may efficiently integrate with other optical 
systems, leading to remarkable volumetric decrease in the device size.  
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Moreover, rigorous classification to differentiate super-resolution and 
super-oscillatory focusing is proposed in this chapter. Based on the definition of 
super-oscillatory spot, we have demonstrated a physical design roadmap of the 
super-oscillatory focusing by using a zone plate or a binary-phase-based lens, with 
significantly enlarged FOV. The described inverse problem of super-oscillation in 
terms of a nonlinear matrix equation empowers the construction of a customized 
super-oscillatory pattern possible to be implemented without the traditional 
optimizing technique involved in the reported super-oscillatory lens. This paves a new 
scheme in further improving the resolution of the optical far-field imaging, and 
narrowing width of longitudinally polarized needle light for advanced data storage 
performance [17]. To achieve a super-small spot beyond the evanescent region, our 
result shows a counterintuitive phenomenon that the large spatial frequency with low 
intensity and destructive interference must be involved. Furthermore, the 
super-oscillatory criterion proposed here gives us the direct insight into the spot 
pattern beyond the Rayleigh limitation, which sets a theoretical limitation of 0.38λ for 
spot size in some applications that demand the narrow spot and low side lobe 
simultaneously, i.e. optical lithography [118], high-intensity optical machining [82] 










Chapter 5  
Null field generation with binary lens 
5.1 Introduction 
The optimization methods based on using optimization algorithm and solving the 
inverse problem have been investigated to design planar lens in Chapter 4. It has been 
demonstrated that longitudinally polarized spot or needle light with FWHM beyond the 
diffraction limit can be produced by focusing CV beams with the specially designed lens. In 
addition to the spot or needle light, optical null fields with extraordinary polarization or 
intensity distribution, i.e., optical bottle beam and hollow beam, can also be created with 
external diffractive optical elements.   
Recently, using a single light beam for optical trapping [120-122] and manipulation of 
micron-sized light-absorbing particles [6, 122, 123] has attracted the attentions of researchers. 
It has been shown that a single beam with hollow or bottle intensity distribution can be readily 
utilized for stable manipulation. The high-intensity barrier of the hollow or bottle beam may 
serve as a repelling ‘pipe wall’ on particles trapped in the dark region on the axis, while the 
axial component of the thermal photophoretic force pushes particles along the channel [6]. 
This mechanism minimizes the optical damage due to heating of captured particles at high 
optical intensity [50]. Optical hollow beams are beams with low (or zero) central intensity 
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channels surrounded by ring-shaped regions with higher intensity, which can be generated by 
using axicon [59, 124], spatial light modulator [61, 125] or holographic phase plates [6, 126], 
while optical bottle beams are beams with low (or zero) intensity bottle-shaped regions 
surrounded by three-dimensional regions of higher intensity, which can be generated by using 
moiré techniques [121], speckle pattern [120], spatial light modulator [122], diffractive optical 
elements (DOEs) [127], axicon [128] or computer-generated hologram [129].  
An optical bottle or hollow beam is usually time-independent and can be 
generated via different mechanisms [59, 61, 124-129]. However, it has recently been 
reported that an optical bottle beam can be dynamic along the transversal direction 
[130]. Optical bottle and hollow beams are also reported to be generated individually 
in the same system [128], but in this mechanism they can only be created separately 
by changing the distance between the objective and the axicon. Consequently, either 
hollow beam or bottle beam can only be adopted in trapping and manipulation of 
particles, and individual properties cannot be integrated into one beam. Functioning 
similarly to the optofluidic channel in the slot waveguide [131], the optical hollow 
beam finds applications in transporting particles [120]. However, unlike the optical 
bottle beam which acts like a highly volumetric container with appropriate 
confinement [129], the optical hollow beam cannot be used in manipulating a large 
amount of particles even though they are precisely delivered to the desired location. 
The particles transported to the tail of the hollow will lose control, as the field at the 
tail of the hollow is diffracted field without good confinement. Hence, in order to 
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increase the flexibility of a hollow or bottle beam for optical manipulation, it is highly 
desirable to generate the bottle-hollow (BH) beam via one system to combine 
individual merits.  
In this chapter, we will demonstrate how to create optical BH beam with radial 
and azimuthal polarizations by focusing CV beams with specially designed DOEs [15, 
64]. We propose a scheme for generating a BH beam which has an open bottle-shaped 
region with zero intensity surrounded by a light barrier, and two hollows located at the 
neck and bottom of this bottle, respectively. As a potential dark-field trapping 
technique, the generated BH beam may be employed to precisely manipulate 
micron-sized light-absorbing particles over long distance.  
5.2 DOEs design  
    Let us recall the general form of CV beams as shown by Eq. (2.7). It has been 
demonstrated that the intrinsic properties of the CV beams are dictated by the beam 
parameters (polarization order n, the transverse wave number β and the beam waist 
w0). Once the polarization and beam parameters of the incident CV beam are fixed, in order 
to yield different optical patterns at the focal plane, an external phase or amplitude mask 
should be adopted to modulate the phase and amplitude of the illumination. Usually, 
preparatory to the optical designs, the beam parameters should be obtained by fitting 
Eq. (2.7) with appropriate parameters to the detected radiation pattern of the CV beam. 
The optical elements should be designed and optimized based on the beam parameters 
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fitting with the experimental data of CV beam. In our work, we adopt a five-belt silica 
groove as our phase mask, as depicted in Fig. 5.1b. A phase difference of π will be created 
between the bright yellow and dark gray regions. Consequently, the amplitude of the light 
passing though the phase mask can be expressed as  
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,       (5.1) 
where arcsin( )NAα =  is the aperture angle, the angle iθ  ( 1 4i = ) corresponds to 
the four radial positions (sin ) / NAi ir θ= . 
In principle, the focusing of a vector beam modulated by binary elements can be 
numerically approximated by Richards and Wolf’s theory [65]. We make the same 
assumption as what we did in Chapter 3 that the incident electric field of the vector 
beam at the pupil plane in cylindrical coordinate is given by 
                 0( , ) ( ) ( , ) ( , )iE l P e eρ φρ φ ρ ξ ρ φ η ρ φ = +  ,          (5.2) 
where 0l is the peak field amplitude at the pupil plane, the amplitude ( )P ρ at the pupil plane 
obeys the BG distribution [58], and ( , )ξ ρ φ and ( , )η ρ φ are the field strength factors of the 
respective components (with both of them satisfying 2 2 1ξ η+ = ). The incident light is radially 
polarized when ξ = 1 and η = 0, or azimuthally polarized when ξ = 0 and η = 1. For simplicity, 
we directly copy the expressions of the electric field in the focal region from Eq. (3.12).  
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where ( )P θ is the pupil apodization function relative to ( )P ρ  [64], k is the wave 
number. Moreover, we assume the phase mask is located very close to the objective. 
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Different from the transmission matrix Γ given in Eq. (3.13), however, the 
transmission matrix after taking consideration of the phase mask should be multiplied 
by a new factor ( )T θ  which denotes the amplitude modulation induced by the binary 
phase mask, as shown in Eq. (5.1). Eventually, the fields at the focal plane can be 
calculated if the parameters of the binary-phase mask are optimized.  
 
   
Figure 5.1 Schematic setup to generate BH beam with phase-controlled binary 
elements. The dark region between the objective and the lens denotes the area where a 
BH beam forms.  
  
Figure 5.1(a) depicts the proposed schematics of the setup to generate the BH beam. 
Radially or azimuthally polarized light (which can be produced by modulating linearly 
polarized laser beam with any of the existing techniques [70, 132]) is first collimated and then 
modulated by the binary phase mask as portrayed in Fig. 5.1(b). For convenience, a box 
labeled as modulator is used to represent the devices that are capable of generating radially or 
azimuthally polarized light. The diffraction pattern near the focal plane can be detected with 
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charged current camera.  
 
Table 5.1 Optimized parameters of binary phase mask  
i  1  2   3        4  
θ(degree)  6.34 31.09 49.33 64.84 
 
In order to generate the BH beam, the phase mask is optimized with particle 
swarm optimization algorithm [98] to make the constructive interference occur at the 
high intensity light barrier while destructive interference at the dark region. The 
optimal parameters of the phase mask consisting of five-belt silica groove are listed in 
Table 5.1. Although they are given with the angle iθ  ( 1 4i = ), the corresponding 
radii can be also calculated with formula (sin ) / NAi ir θ= .  
5.3 Focusing CV beam with DOEs 
5.3.1 Creation of vectorial bottle-hollow beam with DOE 
    To investigate the beam-shaping property of this mask, numerical simulations are 
performed using Eq. (5.3). Figures 5.2(a) and 5.2(b) present the total electric field 
intensity distributions, when the incident illumination is radially or azimuthally 
polarized with an identical intensity distribution. In both cases, the NA of the 
objective lens is 0.95. As shown in Fig. 5.2(a), when the incident light is radially 
polarized, a closed bottle-shaped distribution is created. In contrast, a BH beam is 
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produced when the incident light is azimuthally polarized as shown in Fig. 5.2(b). It 
can be inferred from Eq. (5.3) that focused radially polarized beam leads to a vector 
field with both longitudinal and radial components, whereas azimuthally polarized 
incidence generates purely transversal component ( Eϕ ) in the focal region [65, 133]. 
To understand the underlying reason for the distribution in Fig. 5.2(a), we plot the 
radial and longitudinal components in Figs. 5.2(c) and 5.2(d), both of which are 
normalized with respect to the total electric field intensity. As can be seen from Fig. 
5.2(c), a strong longitudinal component ( Ez ) arises and two hotspots appear at two 
separate locations. However, the BH-shaped intensity distribution is found in the 
radial component ( Er ) as shown in Fig. 5.2(d). The intensity of radial component is 
weak when compared with its longitudinal counterpart. We thus infer that the closed 
bottle-shaped distribution in Fig. 5.2(a) originates from the vector property of the total 
electric field intensity ( 2 2E Er z+ ) [133].  
In the case of a low-NA lens, the BH beam can be generated for both azimuthally and 
radially polarized incident beams. From Figs. 5.2(c)) and 5.2(d), it can be observed that the 
radial component has a bottle-hollow-shaped distribution, while longitudinal component has 
two hotspots along z-axis. Therefore, in order to achieve BH beam when the illumination is 
radially polarized, one has to lower down the Ez intensity by adopting low-NA lens. From 
Fig. 5.3, it is found that the Ez intensity is smaller than 1.8 % when NA=0.1. However, 
in other cases in Fig. 5.3, the normalized Ez component is relatively big, which results 
in field distribution with certain portion of energy along the optical axis similar to Fig. 
5. NULL FIELD GENERATION WITH BINARY LENS  
118 
 
5.2(c). It can be noticed that Ez component and the total field at the center decrease 
when the NA becomes smaller. In this study, NA≤0.1 is considered as low NA. It is taken 
 
 
Figure 5.2 Generation of BH beam with a high-NA (NA = 0.95) lens under incident 
light with (a) radially and (b) azimuthally polarized fields. For radially polarized light, 
the intensity profiles of its (c) longitudinal and (d) radial components are also shown. 
 
as null field when the energy of longitudinal component at the locations (similar to Fig. 5.2(c)) 
where strong longitudinal component is generated is smaller than 1.8% when NA≤0.1. 
However, it should be kept in mind that this criterion can be defined with other values. 
Thus, in our studies, we suggest that radially polarized light can be focused into 
bottle-hollow beam when NA<0.1, while focused azimuthally polarized light can 
always lead to bottle-hollow beam at all NAs. 
Usually, the depth of focus is short (usually in order of um in visible range) in tightly 
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focusing condition, which makes the sampling of the radiation patterns difficult. It would be 
easier to measure the radiation pattern when smaller NA is adopted, because the depth of 
focus is much longer. For example, NA as small as 0.0075 is used to experimentally 
demonstrate 3D light capsule [134]. Figures 5.4(a) and 5.4(b) depict a BH beam which is 
created when NA = 0.001 for illumination with radial and azimuthal polarization. As shown 
 
 
Figure 5.3 The total field intensity and Ez intensity (both are normalized to the 
maximum total field intensity) across the center of the hollow versus NA, when 
illuminated by light with radial polarization.  
 
in Figs. 5.4(a) and 5.4(b), an open bottle-shaped dark region surrounded by a high-intensity 
barrier is created in the middle, and two hollows are located at the neck and bottom of the 
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bottle, respectively. Obviously, the intensity profiles in Figs. 5.4(a) and 5.4(b) are 
identical to each other due to the fact that the longitudinal component is negligible 
when focusing radially polarized light with low NA lens. However, the field in Fig. 
5.4(a) is radially polarized, while azimuthally polarized in Fig. 5.4(b). Figure 5.4(c) 
depicts the electric field intensity distribution in the x-y plane sampled at different 
positions along the optical axis. Evidently, the resulting BH beam possesses an open 
bottle-shaped null intensity region which has two hollow-tube-shaped null intensity 
regions located on two opposite sides of this bottle. 
 
 
Figure 5.4 Electric energy density distributions along the optical axis under incident 
light with (a) radially and (b) azimuthally polarized fields (where NA = 0.001), and (c) 
at different positions along the optical axis. The symbols in (a) and (b) denote the 
polarization direction of the vectorial BH beam.  
 
Apart from the NA = 0.001 example we selected, it should be further stressed 
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that the mask also works for other lenses with different NA choices. In order to 
illustrate this effect, we progressively change the value of NA in the simulation. It is 
found that both the length and diameter of the BH beam change according to the NA 
of the focusing lens. It is evident from the plots presented in Fig. 5.5(a) that the 
energy inside the bottle region is null for the high-NA case. Conversely, for the 
low-NA case, small regions with weak intensity smaller than 2% appear. However, 
this does not affect the BH beam generation due to the negligibly low fraction of 
energy in these regions. In addition, we observe from Fig. 5.5(a) that the diameters of 
the bottle for NA = 0.95, 0.1, 0.01, and 0.001 are in the order of λ, 10λ, 100λ, and 
1000λ, respectively.  
 
 
Figure 5.5 (a) E-field intensity distribution at the focal plane (z = 0) along the radial direction 
versus different NA. (b) Relationship between BH beam parameters and NA — red curve 
denoting BH beam length (along the optical axis) and blue curve denoting BH beam radius.  
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Furthermore, the relationship between the length, diameter and NA can be 
quantitatively described. We note from Fig. 5.5(b) that the BH beam length is 
inversely proportional to 2NA (i.e. 2L NAλ∝ for the red plot in Fig. 5.5(b)), whereas its 
diameter is inversely proportional to NA (i.e. d NAλ∝  for the blue plot in Fig. 
5.5(b)). The advantage of our proposed scheme is that the same binary phase mask 
may be employed for different choices of NA. Compared with the bottle or hollow 
beams generated in [61, 125, 128], what we have proposed is clearly more flexible: 
the length and diameter of the BH beam can be conveniently tuned by swapping the 
objectives, thus leading to an adjustable BH beam.  
5.3.2 Trapping of light-absorbing particles with null field 
Conventional optical manipulation relies on gradient or scattering force. The 
laser power is usually highly focused so that enough force can be provided to control 
and move the objects. Hence, the manipulation is limited to small spatial scale 
(usually smaller than millimeter) near the focal plane of the objective. In contrast, 
operation with thermal force can realize large spatial scale manipulation of particles, 
especially for light-absorbing particles. According to the well-known phenomena 
thermophoresis [135], when a light-absorbing particle, i.e., aerosol particles and 
carbon nanoclusters, is heated nonuniformly by the light, the surrounding gas 
molecules rebound off the surface of the particle with different velocities due to the 
temperature gradients across the particle. A difference in momentum transfer from the 
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gas molecules at different surface temperatures leads to an integrated force on the 
particle, as shown in Fig. 5.6. In order to calculate the integrated force, a variable M  
which is proportional to the intensity of the illumination power is used to represent the 
area density of the linear momentum flux. Thus, the longitudinal photophoretic (PP) 
force can be given as  




= ∫ ,                     (5.4) 
where s + denotes the illuminated hemisphere, π/2 ≤ θ ≤ π. In case of the BH beam 
created in our study, it is cylindrically symmetric around the optical axis. 
Consequently, the transverse PP forces conceal with each other, and thus help to 
confine the particles inside the dark channel of the BH beam.   
 
 
Figure 5.6 Transfer of a momentum (red arrow) from a gas molecule to a particle; the 
illuminated side of the particle is a hemisphere π/2 ≤ θ ≤ π, θ being a polar angle.  
 
When a beam with power P is incident, the PP force exerted on the particles with 
zero thermal conductivity is roughly /3ppF P ν= , where ν is the speed of the gas 
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molecule. The radiation force induced by this beam is given as /rF P c= , where c is 
the speed of light [136, 137]. Therefore, the PP force for air at room temperature is 
usually several orders higher than the radiation force as the speed of light is far 
greater than that of gas molecule [123]. Conventional radiation force based optical 
manipulation is prevented by the giant PP force. Consequently, the PP force should be 
investigated to remotely manipulate light-absorbing particles.  
In our study, the resulting BH beam may enhance the flexibility of manipulating 
light-absorbing particles by using only a single beam [6, 121]. As mentioned before, 
the BH beam has a high intensity ring of light that surrounds a dark core along the 
beam axis. More specifically, if the wavelength of the incident light is 632.8 nm, the 
resulting BH beam has a length of approximately 3.16 m, with a diameter 
approximate 632 μm inside the bottle and 63.2 μm at the hollow position. For optical 
manipulation of microscopic particles, the high-intensity barrier of the hollow or 
bottle beam may serve as a repelling ‘pipe wall’ to trap particles in the dark region on 
the axis, while the axial component of thermal force pushes particles along the 
channel [6, 121]. With the BH beam, for example, particles with a diameter of 50 μm 
can be transported one by one via this hollow channel and reach the highly volumetric 
bottle where dozens of particles can still have good confinement. It is unlike the 
conventional optical bottle beam which acts like a highly volumetric container with 
appropriate confinement but without channel to continuously manipulate particles 
[129]. Moreover, it is also distinct from the optical hollow beam which cannot be used 
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in manipulating a large amount of particles even though they are precisely delivered 
to the desired location. The particles transported to the tail of the hollow will lose 
control, as the field at the tail of the hollow is diffracted field without good 
confinement. Hence, the BH beam introduced in this study may be applied to 
manipulate micron-sized light-absorbing particles over a large distance. In contrast 
with reference [128], the bottle and hollow beams are formed together in one single 
BH beam combining individual merits of optical bottle and hollow beam.  
The BH beam introduced in this thesis for remotely transporting particles may 
work similar to the liquid-core slot waveguides [131]. In the slot waveguide, the 
resonance between the silicon walls offers strong optical confinement to the particles 
inside, while the scattering force pushes the particles along the light propagating 
direction. However, the dark-field transporting approach in our study differs from the 
slot waveguide by their working scale and flexibility. It should also be pointed out 
that the BH beam introduced here as well as other optical null fields, i.e., optical 
bottle beam, optical hollow beam and optical chain, are not suitable for the trapping 
nanoparticles (NPs), although dark-field trapping can significantly reduce the optical 
damage resulting from high-density power. Many reasons contribute to it. Firstly, 
optical forces exerted on the particle decrease with the third power of its size. The 
viscous drag also reduces rapidly when the size of NPs decreases. Secondly, the 
scattering of small NPs is weak and negligible, thus making it challenging to detect 
the trapping events. We have demonstrated how to trap and sense NPs as small as 8 
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nm with finite-boundary bowtie-aperture (FBBA) nanoantenna in [138]. The E-field 
intensity of FBBA nanoantenna has been shown to be enhanced by more than 1,800 
times and the hot-spot size is smaller than 18nm × 18 nm (λ/39.4). The weak 
scattering from the NPs which is proportional to the polarizability [139, 140] of the 
NPs is enlarged by the high intensity enhancement near the gap region, and thus can 
be detected by the external devices.  
5.4 Summary 
In summary, a scheme for generating a vectorial BH beam combining individual merits 
of optical bottle and hollow beam is proposed. It has been found that for a high-NA lens, the 
BH beam can be generated only if the incident illumination is of azimuthal polarization. For a 
low-NA (NA≤0.1) lens, however, the BH beam can be generated with both radially and 
azimuthally polarized illumination. It is shown that radially polarized light leads to BH beam 
with radial polarization, while azimuthally polarized light leads to azimuthally polarized BH 
beam. In addition, we have found that the binary phase mask does not need to be changed 
whenever we choose a focusing lens with different NA; the resulting BH beam can be 
controlled to localize at varying positions with different lengths and diameters accordingly 
( 2L NAλ∝ , d NAλ∝ ), thus leading to an adjustable BH beam. This BH beam may find 
attractive applications in manipulating micro-sized light-absorbing particles over large 
distances. As the BH beam is cylindrically symmetric around the optical axis, the transverse 
PP forces conceal with each other, thus helping to confine the particles inside the dark 
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channel of the BH beam. For optical manipulation of microscopic particles, the high-intensity 
barrier of the hollow or bottle beam may serve as a repelling ‘pipe wall’ to trap particles in the 
dark region on the axis, while the axial component of thermal force pushes particles along the 
channel. Therefore, particles may be transported one by one via this hollow channel and reach 





































Chapter 6  
Conclusions  
6.1 Conclusions 
One of the primary objectives of this thesis is to study the intrinsic properties of 
CV beams and extend their applications in super focusing and optical manipulation. 
More specifically, in this thesis, the intrinsic properties of the CV beams with 
different beam parameters (viz., polarization order n, the transverse wave number β 
and the beam waist w0) were fully investigated with vector diffraction theory. It was 
theoretically demonstrated several optical patterns (e.g., hollow beam, bottle beam or 
hotspot) could be created by directly focusing the CV beam of Bessel-Gaussian 
distribution through tuning its beam parameters by virtue of its particular spatial 
intensity distribution and the π phase difference between neighboring rings. It was 
found that the DOF could also be tuned by properly choosing the beam parameters. 
Moreover, some abnormal behaviors in optical focusing of vector BG beams were 
also found, e.g., the radially polarized beam that is well-known for its small focal spot 
surprisingly displays the ring-shaped pattern with null on-axis intensity at the focal 
plane for the large β. A map describing the focusing properties of the CV beams was 




study on the focusing performance of CV beams yields a useful roadmap for 
controlling the beam parameters to customize the focal behavior. Although the DOF 
can be tuned by properly choosing beam parameters, however, it should be noted that 
the attainable size of the focused field by directly focusing CV beam is above the 
diffraction limit (λ/2).  
In order to overcome the diffraction limit (in the farfield and in free space) and 
the computation difficulty, this study proposed a systematic and efficient approach to 
design and optimize amplitude-type binary lens working with CV beams for 
subwavelength spot and needle generation. The VRS method was derived for analysis 
of diffraction problems by apertures and its validity has been affirmed by comparison 
with the numerical results obtained via commercially-available FDTD software in all 
cases of investigation for various and complex polarization states. Based on the VRS 
method which provides significant advantages (accuracy, reliability, and 
computational cost) over 3D FDTD, the planar lens consisting of concentric annuli 
was readily designed and efficiently optimized for generation of longitudinally 
polarized light with size beyond the diffraction limit as well as maintaining low 
sidebands. It was found that the smallest size of spot or needle without prominent 
sidebands was 0.36λ (FWHM). This research unveils the potentials of more efficient 
design and optimization of planar lens for far-field super-resolution hotspot in the free 
space with full polarization control, where the 3D problem could be conveniently 




hotspot with strong longitudinal electric component may find potential applications in 
particle acceleration or high density data storage with phase-change materials or 
lithography.  
Furthermore, the rigorous classification and explicit definition to distinguish 
diffraction limit, super-resolution, and super-oscillatory focusing are established in 
this study. A systematic and efficient approach to design and optimize 
super-oscillatory lens (amplitude-type and phase-type) for the generation of deep 
subwavelength spots by numerically solving an inverse problem was proposed. The 
described inverse problem of super-oscillation in terms of a nonlinear matrix equation 
empowers the construction of a customized super-oscillatory pattern with 
significantly enlarged FOV possible to be implemented without the traditional 
optimizing technique involved in the reported super-oscillatory lens. This paves a new 
scheme in further improving the resolution of the optical far-field imaging, and 
narrowing the width of longitudinally polarized needle light for advanced data storage 
performance. Moreover, the super-oscillatory criterion proposed here gives us the 
direct insight into the spot pattern beyond the Rayleigh limitation, which sets a 
theoretical limitation of 0.38λ (size estimated at first null. It is 0.36λ if estimated at 
half maximum.) for spot size in some applications that demand the narrow spot and 
low side lobe simultaneously, i.e. optical lithography, high-intensity optical machining 
and high-contrast super-resolution imaging. As the planar lens offers substantial 




requires no extra high numerical-aperture objective, it may efficiently integrate with 
other optical systems, leading to remarkable volumetric decrease in the device size. 
However, it should be addressed that the efficiency of amplitude-type binary lens is 
low (usually smaller than 50%) as some of the incident light is blocked by the opaque 
region in the lens. This weakness may be overcome by phase-type lens at the cost of 
increased thickness.  
In this study, the principle of creating adjustable vectorial bottle-hollow (BH) 
beams with CV beams was also introduced. For a high-NA lens, the BH beam can be 
generated only if the incident illumination is of azimuthal polarization. For a low-NA 
(NA≤0.1) lens, however, the BH beam can be generated with both radially and 
azimuthally polarized illumination. It was shown that radially polarized light leads to 
BH beam with radial polarization, while azimuthally polarized light leads to 
azimuthally polarized BH beam. In addition, we have found that the DOEs does not 
need to be changed whenever we choose a focusing lens with different NA; the 
resulting BH beam can be controlled to localize at varying positions with different 
lengths and diameters accordingly ( 2L NAλ∝ , d NAλ∝ ). As a potential dark-field 
trapping technique, the application of precisely manipulating micron-sized 
light-absorbing particles over long distance was investigated.  
6.2 Recommendations for Future Research 




working with CV beams for generation of purely longitudinally polarized light with 
subwavelength size (0.36λ by FWHM). It will be fundamentally interesting and 
important to investigate how the resolution changes when the longitudinal light with 
size beyond the diffraction limit is used in the imaging, because it remains unknown 
how the purely longitudinal light affects the imaging process. Moreover, due to the 
advantages of VRS in analyzing diffraction problems, it would also be interesting to 
extend the applications of VRS [141-143]. 
Moreover, with the ultrathin planar lens for subwavelength needle in the farfield, 
further studies can be done to apply the subwavelength longitudinal needle without 
prominent side lobes into the lithography, which may lead to low-cost and high 
accuracy lithography. As mentioned in the context, the FWHM of the spot could be as 
small as 0.36λ while maintaining low sidebands. If the lens is designed for working 
wavelength λ=0.365 μm, the FWHM could be as small as 131.4 nm.   
Another interesting work that can be done in future is to experimentally realize 
super-oscillatory lens. As introduced in Chapter 4, the FOV and FWHM of the 
super-oscillatory spot can be highly controlled. It will be meaningful to investigate 
how to apply the super-oscillatory lens into microscopy to improve the resolution in 
the farfield and in air ambient. Moreover, the experiment of applying the BH beams to 
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Appendix A. The trust-region Newton’s theory for 
nonlinear equations  
    In this appendix, the numerical solution of the nonlinear problem describing the 
inverse problem of super-oscillation by using a zone plate or a binary-phase 
modulated lens system is obtained by the well-developed trust-region Newton’s theory, 
which is the most widely used algorithm for nonlinear equations.  
Newton’ theory 
For most nonlinear equations with multiple variables, the basic problem can be 
expressed as follows:  
         Given Γ: n nR R→ , find * nx R∈ such that ( *) 0xΓ =              (A.1) 
where Γ is assumed to be continuously differentiable. Here, in our cases, the function 
F  has the form of ( ) ( ) ( ) ( , ) ( )m m n n m nv L r F r S v r C vΓ = + + ∑ for the lens system and 
( ) ( ) ( , ) ( )m n n m nv F r S v r C vΓ = + ∑  for the zone plate. For simplicity, we give the 
solution of the problem with one variable. We can  
                    0
0
0 0( ) ( ) ( )
x p
x
x p x J t dt+Γ + = Γ + ∫ ,                (A.2) 
approximate the integral in Eq. (A.2) by a linear term J(x0)·p, where J(x0) is the 
Jacobian of Γ(x). Therefore, Eq. (A.2) can be simplified with  




Now, we can solve the step p that makes Γ(x0+p)=0, which gives the Newton 
iteration for this problem. The solution is  
                      0 0( ) ( )x J x pΓ = − ,                         (A.4) 
                      1 0x x p= + ,                             (A.5) 
From Eqs. (A.4) and (A.5), one can see that the choice of step p is very important 
in solving the nonlinear problem successfully. Many methods have been developed to 
find the suitable step p for the various nonlinear problems. The trust-region method is 
the most popular one for its global convergence properties and rapid local 
convergence with exact solution.  
Trust-region method 
As shown in Eq. (A.3), the step p is a root of the Γ(x0+p)=0. Equivalently, the 
step p is also a minimum of the Euclidean norm m(p) 
        
2 2
2 2
1 1( ) ( ) ( ) ( )
2 2
1 1( ) ( ) ( ) ( ) ( ) ( )
2 2
k k k
T T T T T
k k k k k k
m p x p x J x p
x x p J x x p J x J x p
= Γ + = Γ +
= Γ Γ + Γ +
,     (A.6) 
where the sign 2⋅  stands for the Euclidean norm and the sT is the transpose of the 
matrix s. Hence, the subproblem of trust-region method is to find the minimum of 
function m(p) in the limited region kp ≤ ∆ , where k∆  is the trust-region radius 
which has the positive value. Choosing the trust-region radius k∆  at each iteration is 
the first problem that should be settled down in building the trust-region method. We 




between the model function m(p) and the objective function Γ(xk) at the previous 
iterations. For the iteration with its step pk, we can use the ratio  
                  








Γ − Γ +
=
−
,                   (A.7) 
where the numerator and denominator evaluate the actual and predicted reduction. 
Because the step is obtained by minimizing the m(p) over the region includes p=0, the 
denominator always has the nonnegative value. This implies that, if the ratio kρ  is 
negative, the next objective value is larger than the current value Γ(xk). Moreover, 
when kρ  is close to 1, it is the good agreement for this step, resulting that it is safe to 
use the trust region of this step in the next iteration. However, when kρ  is very small 
(close to zero) or negative, we should decrease the radius of trust region. When we 
carry out this method in a computer code, its flowchart for the trust-region method has 





Figure A1 The flowchart of the trust-region method based on the Newton’s theory for 
non-linear equations.  
    In the flowchart, the calculation of pk is usually carried out by using the dogleg 
algorithm, which is a quick and efficient method for pk. Next, we introduce the dogleg 
algorithm.  
Dogleg algorithm 




dogleg algorithm which is based on the Cauchy point ckp  and the unconstrained 
minimizer Jkp . The Cauchy point is used to quantify the sufficient reduction of pk for 
global convergence proposes. The Cauchy point is  
                 ( ( ) ) ( )c T Tk k k k k k kp J x J xτ= − ∆ Γ ,                  (A9) 
where 
           
3
min 1, ( ) ( ) ( ) ( )T T T Tk k k k k k k k k kJ x x J J J J xτ
  = Γ ∆ Γ Γ   
,      (A10) 
To realize the curved trajectory needed in dogleg algorithm for quick 
convergence globally, the unconstrained minimizer Jkp  is introduced. When the 
Jacobian Jk has full rank, the mk(p) has the unique minimizer. Therefore, the 
unconstrained minimizer is the good approximation for obtaining the solution of 
min[m(p)]. The unconstrained minimizer has the form of  
                   1 ( )j k kkp J x
−= − Γ .                            (A11) 
In the practical implementation of dogleg algorithm, the Cauchy point and the 
unconstrained minimizer are combined together for determining the approximate 





Figure A2 The flowchart of dogleg algorithm for solving the subproblem in 
trust-region Newton method.  
